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Abstract
We have used static and quasielastic light scattering to investigate the mixed micel-
lar system composed of dodecyl hexaoxyethylene glycol monoether (C12E6 ), dodecyl
octaoxyethylene glycol monoether (C12E8 ) and water. Using light scattering deter-
minations of the molecular weight and diffusion coefficient, we show that the mixed
micelles are rodlike. We determined the average diffusion coefficient, D, of the mi-
celles for several isotherms in the range 10°C < T < 55°C for aqueous solutions of
pure C1 2E6 pure C12E8 and three different mixtures of C1 2E6 and C1 2E8. The con-
centrations studied ranged from approximately 30 to 1000 times the critical micellar
concentration (cmc). In addition, we determined the intensity of light scattered from
micelles of pure C12E6 and of pure C12 E8 in the close vicinity of the cmc for these
solutions. These results were used to estimate the cmc for C1 2E6 and for C12E8 as
a function of temperature.
We present a "two-dimensional" generalization of the ladder model to quantita-
tively describe the linear growth of mixed, rodlike micelles. Both the diffusion mea-
surements and the intensity measurements were compared to the two-dimensional
ladder model. Excellent agreement was found between theory and experiment in the
regions of the phase diagram where intermicellar interactions could be neglected.
We have also been successful in explaining the concentration dependence of D in
domains where intermicellar interactions become important by including the inter-
actions into a mean-field model for the Gibbs free energy of the solution.
The parameters found for the two-dimensional ladder model for the C12E6 ,
C12E8 and water system were compared with the molecular model of Puvvada and
Blankschtein (J. Phys. Chem., 96:5567-5579, 1992; 96:5579-5592, 1992).
Thesis Supervisor: George B. Benedek
Title: Alfred H. Caspary Professor of Physics and Biological Physics
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Chapter 1
Introduction
1.1 Amphiphiles and Micelles
Amphiphilic molecules consist of two distinct regions. One region is exclusively non-
polar, consisting of, for example, one or more long hydrocarbon chains. Because of
its non-polar nature, this region would be relatively insoluble in aqueous solution
on its own, and is therefore called hydrophobic, meaning "water fearing." This
region is covalently bonded to the second region, which is charged, zwitterionic, or
simply polar. This second region, on its own, is readily soluble in water and so
is called hydrophilic, or "water loving." Because these two regions are covalently
bonded together, the amphiphilic molecule is possessed of a dual nature: partly
hydrophobic and partly hydrophilic.
Amphiphiles are surfactants. When a small number of amphiphiles are placed in
contact with water, they are preferentially adsorbed onto the surface, reducing the
surface tension. This preferential adsorption occurs because there is a free energy
cost, known as the hydrophobic effect, associated with immersing the hydrophobic
regions of the amphiphiles in the solvent. It is believed [1] that the water in the
vicinity of the nonpolar region maintains its hydrogen bonded structure, but that
in order to do so, the water molecules must reorient themselves into a more ordered
structure than in the bulk solvent. Thus, it is believed that the free energy cost of
the hydrophobic effect is mostly entropic in nature.
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As the concentration of amphiphiles is increased, the available area on the sur-
face for additional amphiphiles decreases, and the proportion of surfactant dissolved
in the bulk solvent increases. When the concentration of dissolved solvent reaches
a sufficiently high value, it becomes thermodynamically advantageous for the am-
phiphiles in solution to spontaneously aggregate and rearrange themselves into var-
ious specific geometries in which the hydrophobic "tails" are all somehow shielded
from the surrounding water by the attached hydrophilic "head groups." Examples
of these structures include micelles, bilayers, and vesicles. The tendency of certain
amphiphiles to form certain structures is related to the molecular geometry. In a
micelle, the hydrophobic tails are all collected together in a single, continuous vol-
ume that is completely enclosed by the attached hydrophilic heads. Micelles can
exist spheroids, rods of varying length and flexibility, and discs.
It is important to emphasize that micelles are quite different from other forms
of aggregates. Micelles are not held together because the amphiphiles attract one
another. Rather, the micelle is stable because of the great attraction of water for
itself. Micelles are in thermodynamic equilibrium with the surrounding solution
of water and dissolved amphiphiles. Thus, the aggregation number of the micelle
is subject to thermodynamic fluctuations, as individual amphiphiles are constantly
entering and leaving the micellar environment. More importantly, the process of
micellization is fully reversible. If the solution is sufficiently diluted by the addition
of water, micelles will once again become thermodynamically unstable, and they
will vanish from the solution. Subsequently increase the amphiphile concentration,
and micelles will reappear. The concentration at which the micelles first begin to
appear is called the critical micellar concentration.
A second important distinction between micelles and other aggregates is that
micelles have a minimum aggregation number, which is often quite large, below
which they are no longer stable. This large minimum size is due to the fact that
in order for the micelle to be stable, the hydrophobic tails in the micelle must be
sufficiently shielded from the water in all directions. Because of the large minimum
size of micelles, the transition in the region near the critical micellar concentration
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is very sharp. Above the critical micellar concentration nearly all additional sur-
factant added to the solution results in the creation of additional micelles or the
enlargement of existing micelles. This sharpness is also reflected strongly in many
of the measurable properties of the system. For example, the surface tension and
the intensity of scattered light both show sharp transitions near the critical micellar
concentration.
The properties of surfactant systems are exploited in a wide variety of industrial
and commercial applications. They are used for their detergency, their solubiliza-
tion and surface wetting capabilities in such diverse areas as from the mining and
petroleum industries to the pharmaceutical industry, and in biochemical and med-
ical research. They can be found in commercial products ranging from laundry
detergents to gasoline, motor oil, and salad dressing. Each of these specific ap-
plications and products exploit specific properties of the surfactant solution. It is
of extreme importance to be able to tailor these solutions by the proper choice of
surfactant and solution conditions such that the solution properties best suit the
desired application. Mixtures of surfactants offer the best hope of optimizing the
solution properties, since by changing solution composition one can precisely tune
any desired property to the range needed, even though it may not be possible to
find a single surfactant with all of the required properties. Therefore a thorough
understanding of the physics and chemistry of such mixed systems is invaluable. It
is the goal of this thesis to contribute to this much needed understanding.
1.2 Historical Review
Early studies of micellar systems were concentrated on the critical micellar concen-
tration and the process of self-assembly and micellization. The name micelle, as
we use it here to refer to a colloidal aggregate of amphiphiles, was first used by J.
W. McBain [2] in 1913. It was not until 1936, however, that the first model of the
spherical micelle and discussions of the aggregation mechanism were developed by
Hartley [3]. Since that time, many authors have contributed to our understanding
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of the physics of micellization, both theoretically and experimentally.
In the early 1960's, the development of the laser opened the possibility of mea-
suring very small frequency shifts through "optical mixing" techniques. In 1964,
Pecora [4] showed that the broadening of the spectrum of scattered light from a so-
lution of macromolecules could give information about the diffusion of those macro-
molecules. The first such measurements were carried out on solutions of polystyrene
latex spheres by Cummins, Knable, and Yeh [5] in 1964, using what is known now
as the heterodyne technique. Shortly thereafter, Ford and Benedek [6] used the
technique of "self-beating", now referred to as the homodyne technique, to study
the decay of the entropy fluctuations in SF6 in the region near its liquid-vapor crit-
ical point. The rapid development of the technique of quasielastic light scattering
took place in the years following, and it was inevitable that this new and powerful
technique should be applied to the study of micellar systems.
From 1976-1978, Mazer et. al. [7, 8, 9] performed a series of experiments in
which the size and polydispersity of micelles of Sodium Dodecyl Sulfate in salt solu-
tion were investigated by quasielastic light scattering spectroscopy [7, 8] and by total
intensity and angular dissymmetry [9] measurements. It was observed that in re-
gions well above the critical micellar concentration, the micellar solution underwent
a continuous transition from a monodisperse solution containing small, spherical
micelles to a solution containing a polydisperse distribution of long, cylindrical mi-
celles. In 1980, Missel et. al. [10] reported a new set of measurements of the size
and polydispersity of the SDS micelles in salt solution. They presented and applied
a model of micellar growth, known as the "ladder model," to describe their findings.
The ladder model describes the free energy advantage to form a locally cylindrical
micelle with two ends in terms of two energetic parameters. The first parameter is
the free energy advantage to form a micelle of minimal size, which is assumed to
be the same as the free energy advantage of the two ends of an elongated micelle.
The second parameter is the free energy advantage per monomer associated with
the surfactant in the cylindrical portion of the elongated micelle. The spectrum of
energy levels corresponding to micelles of increasing total aggregation number can
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therefore be described as an infinite ladder with a gap between the base and the
initial rung, hence the name "ladder model."
Although the ladder model can be used to successfully describe the growth of
individual micelles, it does not include the effects of interactions between micelles.
On the other hand, it is well known that many systems of ionic, zwitterionic, and
nonionic micelles exhibit the phenomenon of phase separation, indicating that in-
teractions between micelles can become quite important. By changing temperature,
pressure, and concentration appropriately, the micellar solution, which normally ex-
ists as a single, isotropic liquid phase, spontaneously separates into two isotropic
liquid phases that differ in total surfactant concentration. The phase separation is
caused by two opposing contributions to the total free energy of the system. The
first contribution arises from the net attraction of like molecules for one another.
The other contribution is an entropic factor, the magnitude of which is determined
by the number of possible configurations of the molecules in the system.
Water molecules can attract each other quite strongly because of their highly
polar nature. If this self-attraction of water is stronger than the interaction between
water and micelles, then the water will want to segregate itself from the micelles.
The effect of this segregation will be to form a region in the solution with a high
concentration of water and another region with a high concentration of micelles. If
this kind of energetic consideration were the only relevant consideration, then we
would expect the system to segregate as far as possible. That is, the solution would
separate into two phases with as small an interface as possible existing between them:
one phase containing pure water, and the other phase containing pure surfactant.
Of course, since at equilibrium it is the total free energy which must be mini-
mized, the entropy of the system must also be considered. The larger the number of
geometric configurations that are available to the molecules in the system, the higher
the entropy, and the lower the free energy. The full segregation we have mentioned
above is a state of the system with very low entropy. Only a very small portion of
the total possible arrangements of all of the molecules in the system correspond to
the case where the two phases are pure. At a small cost in energy, the entropy can
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be increased tremendously by allowing a small amount of water to mix in with the
pure micelles and a small number of micelles to mix in with the pure water. Thus at
equilibrium, if the solution phase separates, we will have two coexisting phases: one
phase rich in micelles, and the other phase poor in micelles. The amount of segrega-
tion that occurs will depend on the balance between the net attraction between like
molecules and the entropic cost associated with the segregation. Of course, if the
entropic cost is too strong as compared to the net attraction between like molecules,
or, alternatively, if there is no net attraction between like molecules, then the system
will not phase separate at all.
In 1985-1986, Blankschtein, Thurston, and Benedek [11, 12, 13] proposed a new
theory which is capable of explaining both the thermodynamic properties and the
phase separation of micellar solutions. A model Gibbs free energy was proposed,
including the effects of intermicellar interactions at the level of a mean-field model,
considering the pairwise interaction between monomers. For micellar systems ex-
hibiting one-dimensional growth, the ladder model was also incorporated into this
model Gibbs free energy. The resulting framework has been successfully used to
describe both the C8-Lecithin and water system and the dodecyl hexaoxyethylene
glycol monoether (C1 2E6) and water system [14].
In an effort to understand the molecular basis for the magnitudes of the pa-
rameters in the Blankschtein, Thurston, and Benedek free energy, Puvvada and
Blankschtein [15] have constructed a model of micellization that utilizes readily
available or easily estimated molecular information to calculate the free energy ad-
vantage to form a micelle. This information includes the size and nature of the
hydrophilic and hydrophobic regions of the surfactant molecule, the magnitude of
the interfacial tension between hydrocarbon and water as a function of curvature,
and the magnitude of the free energy of transfer associated with transferring hydro-
carbon from a pure hydrocarbon environment to water. A detailed thought process is
introduced that is helpful to clearly identify the essential physical factors responsible
for micellization, including: the free energy contribution associated with transfer-
ring the hydrophobic tails from water into the micellar core, the creation and partial
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screening of an interface between the micellar core and the surrounding water, the
loss of entropy in the core associated with the restriction that one end of each hy-
drophobic tail must reside at the interface, steric repulsions between the hydrophilic
head groups on the micellar core-water interface, and the electrostatic interactions
between head groups if they are charged. These contributions are modeled, and
their magnitudes are estimated utilizing the molecular information described above.
When incorporated into the thermodynamic framework of Blankschtein, Thurston,
and Benedek [11, 12, 13], this approach is capable of predicting numerically the crit-
ical micellar concentration, the distribution of micellar sizes, the shape and location
of the coexistence curve for phase separation, and the osmotic compressibility. In
addition, we can use this molecular approach to understand the molecular basis for
the phenomenological parameters of the ladder model.
1.3 Overview
In this work, we shall approach the problem of understanding the properties of
mixtures of similar surfactants using an approach that parallels the historical de-
velopment discussed in the previous section. Toward this end, we have performed
light scattering experiments on the mixed nonionic system consisting of water and
the two surfactants dodecyl hexaoxyethylene glycol monoether (C12E6) and dodecyl
octaoxyethylene glycol monoether (CU2Es). Further rationale for the choice of these
particular surfactants will be given in Chapter 3. A generalization of the ladder
model, appropriate to the case of the linear growth of micelles composed of two
different surfactants has been developed, and will be applied to the results of the
light scattering measurements. In its simplest form, this generalization of the ladder
model contains four energetic parameters rather than the two of the original lad-
der model. The gap and rung spacings for micelles of a fixed relative composition
of surfactant are interpolated between the gap and rung spacings for the two pure
components. For this reason, we shall call this generalization of the ladder model
the "two-dimensional ladder model."
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Recently, Puvvada and Blankschtein have generalized the thermodynamic frame-
work of Blankschtein, Thurston, and Benedek to the case of mixtures of two similar
surfactants [16]. In addition, they have generalized their molecular model for cal-
culating the magnitudes of the parameters of this framework [17]. We shall use
this work in two different, but related ways. First, as the approach of Puvvada
and Blankschtein has been proven useful previously for single component micel-
lar solutions in estimating the magnitudes of the parameters of the original ladder
model, we shall examine their generalization of these calculations in the light of
our two-dimensional ladder model. By clearly identifying the means by which the
calculations of Puvvada and Blankschtein can be used to compute the physically
meaningful parameters of the two-dimensional ladder model, we will gain physical
insight into the process of micellar growth. Second, we note that it will become clear,
when the experimental data are presented, that there will be regions where intermi-
cellar interactions are clearly important. We shall incorporate our two-dimensional
ladder model into the generalization of the Gibbs free energy model of Blankschtein,
Thurston and Benedek [16] and investigate the consequences of adopting this model
in the regions where micellar interactions become important.
The remainder of this thesis is divided into three main sections. Chapters 2
and 3 together comprise the experimental section. In Chapter 2 the basics of light
scattering theory are discussed. The derivation of an expression for the scattered
electric field, E(R,t), from an isotropic, continuous medium in the limit of large
distances from the scattering source is outlined. This expression is used to com-
pute the correlation function (E*(Ri, tl)Ei(R 2, t2 )), from which can be obtained
expressions for both the total intensity of scattered light and the homodyne time
autocorrelation function measured in our experiments.
In Chapter 3, our light scattering measurements of the C12E6, C1 2E8 and water
system are presented, and discussed. We begin by describing the methods used to
prepare the samples and the techniques used to obtain and analyze the experimental
data. The data are then presented, and their interpretation is discussed. In the
region of the phase diagram for concentrations below the critical concentration for
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liquid-liquid phase separation and for temperatures far from the phase boundary,
where it is reasonable that intermicellar interactions are small, we have represented
the temperature and concentration dependence of the measured diffusivity in terms
of an effective hydrodynamic radius. In this same region of the phase boundary, we
also represent measurements of the osmotic compressibility in terms of the weight-
averaged molecular weight of the micelles in solution. We find that our data are
consistent with a hydrodynamic model of elongated prolate ellipsoidal micelles.
Chapters 4 and 5 constitute the second main section of this thesis. In Chap-
ter 4, starting from a general expression for the partition function, we review the
ladder model for the linear growth of micelles composed of a single surfactant, and
propose a simple generalization to the case of multicomponent mixtures. Our treat-
ment is appropriate to the case where the different surfactant species are not too
dissimilar. For the case of two different surfactant species and water, we present
the two-dimensional ladder model in detail. The subsequent generalization of the
two-dimensional ladder model to a system containing k different kinds of similar
amphiphiles is clear. As was true for the original ladder model, our proposed gen-
eralization does not account for the interactions between micelles.
In Chapter 5, the thermodynamics of mixed micellar systems is reexamined from
the basis of a model for the total Gibbs free energy of the system. This model Gibbs
free energy is based on the work of Blankschtein, Thurston, and Benedek [11, 12, 13]
for single-component micellar systems, and was generalized to the case of a mixture
of two similar surfactants and water by Puvvada and Blankschtein [16]. The model
incorporates a specific model for the entropy of mixing among the various micellar
species, the free monomers in solution and water and it considers the interactions
between micelles at the level of a mean-field approximation for the pairwise attrac-
tion of surfactant monomers. Expressions for the equilibrium micellar distribution of
sizes and compositions, the osmotic pressure and the osmotic compressibility of the
system are derived using the model Gibbs free energy and our two-dimensional lad-
der model. Finally, we discuss the molecular approach of Puvvada and Blankschtein
and how it may be used to compute the physically meaningful parameters of the
18
two-dimensional ladder model.
In Chapter 6 we investigate the extent to which the theoretical approaches ex-
plored in Chapters 4 and 5 are capable of describing our experimental data on the
C12E6, C12E8 and water system. The two-dimensional ladder model is applied in
the regions of the phase diagram where the interpretation of our light scattering
data is clear, and the four parameters of the model are extracted. The calculations
of Puvvada and Blankschtein are performed, using the information appropriate for
the C12E6, C12E8 and water system. We find that the four physically meaningful
two-dimensional ladder model parameters computed using the numerical procedure
of Puvvada and Blankschtein compare well with their experimentally determined
values.
Also in Chapter 6, we examine the consequences of adopting the Gibbs free
energy model presented in Chapter 5 in the regions of the phase diagram where
intermicellar interactions become important. We find that by incorporating the
two-dimensional ladder model into the model Gibbs free energy we are capable of
correctly describing the observed trends in both our own dynamic light scattering
data, and in static light scattering data for the pure C1 2E6 and water system obtained
by Wilcoxon and Kaler [18]. The physical implications of these trends are then
discussed in terms of the model Gibbs free energy. Our results are summarized and
the prospects for future research are discussed in Chapter 7.
19
Chapter 2
Light Scattering
In this chapter we provide a review of the basic theory of light scattering as it is
specifically applied to the case of an isotopic, continuous medium. Our treatment
follows most closely the treatments of Landau, Lifshitz, and Pitaevskii [19] and
Berne and Pecora [20]. In Section 2.1 we discuss the basics of light scattering. In
Sections 2.2 and 2.3 we discuss those elements of static and dynamic light scattering
which are of particular interest to our measurements.
2.1 Basic Light Scattering Theory
The propagation of light is governed by Maxwell's equations. In a continuous,
isotropic medium and in the absence of free charges and currents, the following
wave equation for the total electric field can be derived from Maxwell's equations
1 2DVX(VxE) = at (2.1)
C2 at 2
where E is the electric field, c is the speed of light in a vacuum, and D is the electric
displacement vector. In general the electric displacement is related to the electric
field through the dielectric tensor e where D = E E. In a continuous, isotropic
medium, the dielectric tensor can be replaced with a scalar. However, if we allow
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for small fluctuations in the medium, then we may write
e = eI + a (2.2)
where is the (scalar) dielectric constant of the (isotropic) medium, I is the identity
tensor, and a is a small, local fluctuation in the dielectric tensor of the medium.
Consider now a plane wave incident on the medium with electric field
E( i) = eEoei(k' x - wit). (2.3)
where e is a unit vector indicating the polarization of the incident field. The local
fluctuations in the medium will give rise to a scattered field, E(S), that we wish to
find. Thus, the total field and total electric displacement may both be written as a
sum of incident, (i), and scattered, (s), fields:
E = E(i) + E() (2.4)
D = D(i) + D(s). (2.5)
The relationship between the total electric field and the total electric displacement
may therefore be written
D(i) + D (s) = E(i) + a . E(i) + EE() + or. E(S) . (2.6)
Noting that D(i ) = E(i) is a solution to the wave equation (Equation 2.1) for the
incident plane wave alone, we have that
D(S) = E(s) + c . E(i), (2.7)
where the fourth term in Equation 2.6 has been neglected. From Equation 2.7, we
see that the last term, E(i), is the term responsible for scattering, since it relates
the scattered electric displacement to the incident field. The term we have neglected,
c · E(s) couples the scattered field to itself through the dielectric fluctuation and is
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responsible for multiple scattering effects. Since E(S) is coupled to E(i) through the
fluctuation ct which is assumed to be small, c E(s) is second-order in ca, so that
under normal circumstances its neglect causes no problems.
Substituting Equation 2.7 into the wave equation and simplifying, we obtain the
relation
V2O2D(s)V2D(s) - at 2 = -Vx ( x( E()) (2.8)
where we have used the fact that V.D(S) = 0 in the absence of free charges. This
equation is an inhomogeneous wave equation of the form
V2 0 - 4-4rf(, t). (2.9)
v2 0t2
The formal solution of this problem is given in terms of the Green's function
'(x, t) = J d3x'dt'G(x, t, x', t')f(x', t') (2.10)
with the Green's function, G(x, t, a', t'), satisfying
1 92 G
V2G t2 = -47r(x - x')(t - t'). (2.11)v2 t
For the special case of no boundary surfaces, the Green's function for this problem
is given by [21]
5 (t'- t F Izz'l])G(x,t, x',t') = ' (2.12)
where we will consider only the minus sign, in order that the electric displacement
at time t only depends on the configuration of distant charges at previous times, as
is required by the principle of causality. For our problem, v = c/VE, and the formal
solution for the component DS) is
ir ) , (2.13) 
where the integ d3 'dt'G(,ion is to be t)ake n ov r the scattering volume. In the previous(2.13)
where the integration is to be taken over the scattering volume. In the previous
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equation, we have used the standard conventions that repeated indices are to be
summed over and that fikl is a third rank totally antisymmetric tensor with the
properties that ikleimn = km6 ln - kn6lm and ikl = -{ilk. Integrating Equation
2.13 by parts twice yields
D-)= ] d3x'dt'6iklmnnj( )E) G(x, t, x', t') (2.14)
so that the derivatives now act on the Green's function, G(x, t, x', t'). Since the
Green's function is a function only of Ix - x'j, the derivatives act identically on the
primed or unprimed variables. Thus, we take them to act on the unprimed variables
and write
D) = ikl mn vi d3x'dt' 1 c ,j(x', t')E)i)b + c/a t)
(2.15)
Inserting the incident plane wave (Equation 2.3 and integrating over t', we get
D9 a =0 0 Fd i(k' x' -__ t)_
i) llmn Jd3x - aj(a', tr)ejei" l l/ (2.16)
where t is the retarded time t = t - Vff Ix - x'l/c. We proceed by performing a
fourier analysis of the dielectric fluctuation over some time interval T:
nj ) = E a(I)eiQutr (2.17)
u
with Qu = 2ru/T. Defining
Wu = w- , (2.18)
k = wu, (2.19)
we write
(S) = iklelmn a a Eo /Jd3 -ex ' , (z')ejenu teiku la- '. (2.20)D!S) = ~ikl~ImnO~k O~ m 41rI Ju
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The terms that contribute significantly to the fourier decomposition of ct(tr) are
those terms with frequencies comparable to the frequencies that characterize the
rotation and translation of the molecules that constitute the medium. In general
these frequencies are much lower than characteristic optical frequencies ( 1015
sec- 1). That is, it is an excellent approximation that Q1 << w for all 2Q contributing
to Equation 2.20. Therefore, we expect w, - w and thus k - k. That is, the only
strong dependencies on u left in Equation 2.20 are the dependence of alnj and Qu.
Using the definition of our fourier analysis, we write
D(s) a a Eo /d3x, ei (kxn'- jt )
D s= iklmn aX r 9 X 4 ] dXI'
We are interested in the behavior of the scattered field at a large distance from
the scattering volume. Let us consider the field at a point x = R = Rn', where n'
is the unit vector in the direction of R, and R > x' for all points in the scattering
volume. In this case, we can make the approximation
k Ix-x' R kR - k' '. (2.22)
where we have defined k' = kn'. Making this replacement, we carry out the deriva-
tives, keeping only terms to leading order in 1/R, since we are interested in the
far-field behavior of the scattered field. We obtain
E(S) Eo24r iklelmnnknm R d3x'anJ (, t)eje-iq'x' (2.23)
with the scattering vector q = k' - k and where we have used the fact that
E(s) = D(s)/e at the detector. We note that the scattered field is simply the Fourier
transform of the dielectric fluctuation:
E? E- okVe0 ( (kR- ) im -- kmSin)nnm anj(q, t)ej (2.24)4irft Re
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with
ac(q, t) = (2.25)
where V is the scattering volume. Note that we have also carried out the sum over
the index 1. Simplifying yields:
E) Eo k 2V e i( kR- ut)
E (s) -EokVe ( nn' ak (qt)e - aij(q,t)ej) . (2.26)
Having obtained an expression for the scattered field at a point far from the scat-
tering volume, we can use our result to calculate the correlation function (E*(R 1, tl).
E(R 2, t2)). The brackets denote averaging with respect to the motions of the par-
ticles in the medium. We shall assume that the two points R 1 and R 2 are close
together as compared to the distance from the scattering volume, so that k k.
Using Equation 2.26 for the scattered field,
(E*(R1, t)Ei(R 2,t2)) = A*A((n'incej - a*ej)(n'n' mle, - ailel)) (2.27)
= A*A [((a* · e) (a- e)) - ((n'. a* e)(n' c e))] (2.28)
where the conjugated A and a(q,t) depend on R1 and t, and the unconjugated
quantities depend on R 2 and t 2. Also, we have defined
A*A = k 4 E2 V 2 ei[k(R2-R 1)-w(t2-t l) ]. (2.29)
16 2e2R1R2
In general, the dielectric fluctuation tensor e(q, t) can be decomposed into three
parts, a scalar part, a symmetric part, and an antisymmetric part. For our purposes,
it will suffice to only consider scalar scattering, that is, aik(q,t) = e(q, t)Sik In
this simple case, we obtain
(Ei*(Rl, t)Ei(R 2,t 2)) = A*A(8c*(q, t)Sc(q, t2)) ( - (n' e)2)
= A*A(Se*(q, tl)Se(q, t2)) sin2 'b (2.30)
where k is the angle between the incident field and the scattering direction.
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Let us now consider the case of solute particles suspended in a solvent where
the dielectric constant fluctuations are caused by concentration fluctuations in the
solution. That is, we shall neglect dielectric constant fluctuations that may be
induced thermally in the pure solvent, which is the same as assuming that the light
scattered from the pure solvent is negligible compared to the light scattered from
the suspended particles. If the total concentration of solute particles is not too high,
the index of refraction of the solution can be written
On
n = no + , c (2.31)
where c is the concentration of solute particles and no is the index of refraction of
the solvent. In the range of frequencies associated with visible light, the dielectric
constant, = n2. The fluctuations in dielectric constant can then be related to the
concentration fluctuations as follows
&n
be = 2n0o aSc, (2.32)
giving for the correlation function
(E (R 1, tl)Ei(R 2, t2)) = K(Sc(q, t)Sc(q, t2)) (2.33)
with
k4E 2V 2 1 On 2
4K 4r 2ngRiR 2 (a sin2 ei[k(R2- R1)-w(t 2 -t)] (2.34)
and
bc(q,t) = d3x'e-iqxc(x',t). (2.35)
2.2 Static Light Scattering
In a static light scattering experiment, one measures the time-averaged total inten-
sity of the scattered light. We shall assume that our system is ergodic. If this is
the case, we can then replace the time averaging by ensemble averaging and thus
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use the results derived in the previous section. The intensity at any point in space
is proportional to the squared magnitude of the electric field at that point, and can
therefore be obtained from Equation 2.33 by setting R1 = R2 = R and t = t2 = t.
We get
I = (E*(R,t)Ei(R,t))
= 
4 Er2n2 (L 2) sin 2 O(lbc(q)l 2) (2.36)
We will show that in the appropriate limit, we can express the total intensity as a
function of the osmotic compressibility of the solution. We shall first concentrate
our attention on (c(q) 2 ).
From the definition of Sc(q),
(Isc(q)l2) = I (J d3 xd3Xeiq (xxI)bc(x')bc(x)). (2.37)
We assume that the fluctuations are homogeneous, that they depend only on the
difference r = - '. This requires that the size of the system be much larger than
the characteristic length scale of the fluctuations. In this case, we can perform one
integration, obtaining
('Sc(q) 12) = Jd3re- i q r (c(0)Sc(r)) (2.38)
with r = Irl.
In general, as we noted above, there exists some length scale, Ro associated with
the decay of (c(O)Sc(r)). For a dilute system of macromolecules, Ro is the charac-
teristic size of the particles. For a strongly interacting system, Ro would be more
appropriately taken to be several interaction radii. The important consideration is
that the value of (c(O)Sc(r)) decays to essentially zero over a length scale of the
order of Ro.
Let us now consider the limit where q becomes small such that q-l > R0, that
is, we consider the case where q-1 is large compared to any characteristic distance
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in the solution. In this case, we can replace the exponential factor in the integrals
for (Sc(q)1 2)with 1. We note that q r << 1 for all r < Ro because of our choice
of q. That is, in this region, the exponential factor is always about 1. For r > Ro
of course, the exponential factor begins to change appreciably, but this does not
matter, since in this region (c(O)5c(r)) has already decayed to zero. Therefore,
(1Sc(q)2) = V2((Jd3xc(x))
= (c 2 ) -(c) 2 (2.39)
and we see that in the limit of small q, that the light scattering intensity is propor-
tional to the mean squared fluctuation in density. These fluctuations, are related
to a corresponding thermodynamic susceptibility, X, through the following simple
argument. Let us consider the Gibbs free energy of a small portion of the total
system as a function of the local concentration c. The local concentration c has an
equilibrium value c around which it fluctuates. At any given instant, we can expand
the Gibbs free energy around c = c, giving to lowest nonvanishing order in Sc
1 92G, 2
G(c) = G(c) + (SC)2
1 (2
= G(c) + X ), (2.40)
where we have identified the thermodynamic susceptibility
O2 G
X= a2. (2.41)
In Equation 2.40, a term linear in Sc does not appear, since at equilibrium,
OG
= 0. (2.42)
eic
The probability to observe a given value of the local density is proportional to
the usual Boltzmann factor. Thus, the mean square density fluctuation may be
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expressed
(()) = f_ d(Sc)(Sc)2eG()/kBTf((C)2 - f~bce() (2.43)ff. dce-G(c)kbT
Using Equation 2.40 in Equation 2.43, we obtain
((ac)2 )= f d(c)(6c) 2 e 2B kBT T (2.44)
_ x(6lac)2 X (2.44)fj d(6c)e 2kBT 
The thermodynamic susceptibility X, is related to the osmotic compressibility of the
solution through the relation
x;- c er' (2.45)
the derivation of which is discussed in Appendix A. Using Equation 2.45 in Equation
2.44, we can express the mean squared concentration fluctuations
((c)2) = kTc ( ', (2.46)
which, in turn, allows us to write the total scattered intensity, using Equations 2.39
and 2.36,
I 4Er2n R2 (an) 2ar sin2 . (2.47)
Thus we have shown that in the limit of small q, that the total intensity of scattered
light is proportional to the osmotic compressibility of the scattering solution.
2.3 Dynamic Light Scattering
In a homodyne dynamic light scattering experiment, one measures the time auto-
correlation function of the intensity of the scattered light,
1 to +T(I 0)I (T)) = dtI(t)I(t + ) (2.48)
where T is the total time over which the measurement is collected. For sufficiently
large T, if we assume the system is ergodic, the integral is independent of to, and
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furthermore, we can replace the time averaging with an ensemble average. The total
intensity is, of course, proportional to the square of the scattered electric field, so
that our measured quantity can be written
(I(q, O)I(q, t)) = B(IE(q, 0)l2 E(q, t)12), (2.49)
where B is a proportionality constant that includes such factors as the quantum
efficiency of the photomultiplier.
If the scattering volume is large compared to the volume over which particle
motions are correlated, then the total scattered electric field can be considered
to be made up of contributions from a large number, N, of independent random
scatterers. In this case the central limit theorem can be applied, implying that
the scattered electric field E(q, t) is a zero-mean Gaussian stochastic variable. This
being the case, it is possible to show that
(I(O)I(t)) = B(I) 2 (1 + f(Ac)[g(t)]2) (2.50)
with
g(t) - I(E*(O)E(t)) (2.51)(I)
The quantity f(A,) is an instrumental factor with a value between 0 and 1 that
takes into consideration the number of coherence areas covered by the finite area of
the collection optics.
From Equation 2.33 we see that the normalized electric field correlation function
g(t) is related to the time autocorrelation function of the density fluctuations in the
solution. We get
g(t) = ( Jd3re-l q.r(6c(O,0O)c(r, t)), (2.52)
where we have also used the definition of Sc(q, t) and performed one integration over
the volume, assuming as we did in Section 2.2 (in arriving at Equation 2.38) that
the fluctuations in concentration are homogeneous. In order to evaluate g(t), we
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need to understand the properties of (c(O, 0)bc(r, t)).
It is possible to obtain an expression for g(t) in a few special cases. In particular,
let us consider the case of particles suspended in solution undergoing Brownian
motion. Such particles obey the diffusion equation (Fick's second law), and so also
does (c(0, 0)Sc(r, t)). That is, we have
a (c(0, )Sc(r, t)) = DV2 (6c(0, 0)Sc(r, t)), (2.53)
at
with D as the particle diffusion coefficient, from which it is easy to see that
g(t) = e-D q2t. (2.54)
A measurement of the time autocorrelation function of the scattered intensity from
a solution of Brownian particles can therefore be used to obtain the diffusion coef-
ficient of those particles. In many cases of practical interest, however, the solution
contains more than one kind of particles. In this case, the electric field time autocor-
relation function g(t) is a superposition of exponentials resulting from the diffusion
of different particle species, weighted according to the scattering amplitude of each
species. In general we write
g(t) = J drA(r)- t , (2.55)
where A(F) is the scattering intensity associated with the particles of decay rate
F = Dq2 . Obtaining information about the A(F) is a difficult task due to the noise
in the experimental measurement of (I(O)I(t)). We shall address these issues and
discuss various techniques of obtaining information about A(F) in Chapter 3, where
we detail the experimental methods used to obtain and analyze quasielastic light
scattering data on our experimental system.
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Chapter 3
The C12 E6, C1 2E8, and Water
System
Dodecyl hexaoxyethylene glycol monoether (C12E6) and dodecyl octaoxyethylene
glycol monoether (C12E8) are both nonionic surfactants consisting of a hydrophobic
hydrocarbon chain connected to a hydrophilic chain of ethylene oxide units. The
two molecules are shown structurally in Figure 3-1. Because of the similarity be-
tween the molecules (the only difference is two ethylene oxide units), solutions of
C12E6 and water and solutions of C1 2E8 and water share many qualitatively similar
properties. For example, both solutions are known to form micelles that are gener-
ally believed to exhibit linear growth with increasing concentration and temperature
[22, 23, 24]. Both also exhibit a lower consolute temperature phase transformation
from a single isotropic micellar phase into two isotropic micellar phases differing in
total surfactant concentration. The small difference in the molecules, however, is
enough to see quantitatively significant differences in the micellar properties of the
two solutions, thus illustrating that the process of micellization depends sensitively
on the structural balance between the hydrophilic and hydrophobic regions of the
surfactant.
The critical micellar concentration at 250C for the C12E8 and water system is
7.1 x 10-5M(0.004%) and for the C12E6 and water system is 6.8 x 10-5M [25]. On
the other hand the difference of two ethylene oxide groups makes a change of about
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n-dodecyl hexaoxyethylene glycol monoether
CH 3(CH2) 11 -(O(CH2 )2 )6 0H
hydrophobic hydrophilic
n-dodecyl octaoxyethylene glycol monoether
CH3 (CH2 )1 1-(O(CH2)2)8 0H
hydrophobic hydrophilic
Figure 3-1: Structure of dodecyl hexaoxyethylene glycol monoether (C12E6) and
dodecyl octaoxyethylene glycol monoether (C12E8)
25°C in the phase separation temperature. Reported values for Tc for the C12E6 and
water system range from 50.35°C [26] to 51.3°C [18] and for the C1 2E8 and water
system they range from 74.0C [23] to 78.40C [17]. Furthermore, we will see that
at a given temperature and concentration, the observed extent of micellar growth is
much greater in C12E6solutions than in C12 E8 solutions.
In this chapter we will experimentally examine, by means of quasielastic light
scattering, solutions containing three different relative compositions of C1 2E 6 and
C12E8 over a broad range of temperature and total surfactant concentration in the
single-phase region of the phase diagram. We shall also examine the behavior of
aqueous solutions containing pure C12E6 and solutions containing pure C12E8. Using
a combination of total intensity light scattering measurements and quasielastic light
scattering measurements, we will also examine the hypothesis that micellar growth
in the mixed system is also one-dimensional.
It should be noted here that there still exists a controversy in the literature
concerning the interpretation of scattering data from micellar systems that ex-
hibit liquid-liquid phase separation. There are two schools of thought on the sub-
ject. Both sides agree that at temperatures far away from the critical tempera-
ture for phase separation and for concentrations far below the critical concentra-
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tion for phase separation, that interactions between micelles are weak, and that
light scattering measurements therefore probe the actual size and mass of the mi-
celles. One school of thought claims that the observed increase in scattered light
intensity and the decrease in diffusivity that occur as the concentration is in-
creased towards the critical concentration and the temperature is changed towards
the critical temperature is due primarily to changes in the average micellar size
[23, 27, 28, 22, 15, 12, 24, 29, 13, 30, 31, 32, 33, 34]. Only when the system is
close to the critical point (IT - Tcl < 5°C is a reasonable consensus value) are the
light scattering data completely dominated by critical effects. When the solution
concentration is increased to the vicinity of the critical concentration and beyond,
the increasing importance of excluded volume effects makes itself felt as an observed
minimum in the diffusivity [35]. Thus, the picture is micellar growth with critical
effects superimposed in the close vicinity of the critical point, and with increasing
solution nonideality as the concentration is increased from the dilute regime to the
"semi-dilute" regime.
The other school of thought claims that the observed increase in scattered light
intensity and the decrease in diffusivity as concentration is increased from the very
dilute regime and temperature is changed towards the phase boundary are due solely
to critical effects [26, 36, 37, 38, 39, 18]. They assume that the average micellar size
remains constant (or that it changes insignificantly) over the entire phase diagram.
The minimum in the diffusivity they attribute to critical slowing-down, and thus
they indicate that the critical region extends as far as IT - Tcl < 30°C [18].
In an attempt to shed more light on the subject, workers in the field have per-
formed a series of measurements other than light scattering, notably neutron scat-
tering experiments [32, 36, 39, 31] and nuclear magnetic resonance measurements
[22, 29, 30, 24]. The results, however, are still unclear. Some of the authors report
findings consistent with the first viewpoint, while others support the second. More
recent developments in the technique of cryo-transmission electron microscopy has
allowed the direct imaging of micelles in vitrified solutions. By this method, Vinson
et. al. [40] and Edwards et. al. [41] have obtained evidence of elongated wormlike
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micelles and disclike micelles in several different systems.
Considering the wide selection of experiments that can be interpreted (although
not perhaps unambiguously) in terms of micellar growth, and the direct evidence
provided by cryo-transmission electron microscopy, we favor the first school of
thought. Therefore, we shall interpret our light scattering data assuming that micel-
lar growth does indeed occur in our solutions. In light of the still active controversy,
however, we must be careful in our interpretations at temperatures close to Tc and
at concentrations close to and above the critical concentration. It should remain
clear that an alternative explanation of the light scattering results including only in-
teractions may be possible, although unlikely. In this work we examine the internal
self consistency of the first view as compared with our experimental results.
Section 3.1 is dedicated to a discussion of the materials and methods used in
our experimental work. Solution preparation is discussed in Section 3.1.1, and the
dynamic and static light scattering apparatus and methods are described in Sections
3.1.2 and 3.1.3. In Section 3.2 we present the results of out measurements on the
C12E6, C12E8, and water system.
3.1 Materials and Methods
3.1.1 Sample Preparation
High purity crystalline dodecyl hexaoxyethylene glycol monoether (C12E6) and dode-
cyl octaoxyethylene glycol monoether (C12E8) were obtained from Nikko Chemicals,
Tokyo, and used without further purification. Aqueous solutions were prepared by
weight, using reagent grade water from a Millipore Milli-Q filtration system (Mil-
lipore, Bedford, MA) which was first de-gassed, and then saturated with filtered
Argon. Two methods of dust-removal were used in further preparing the samples
for light scattering.
Initially, dust-removal was accomplished by circulating the sample through a 0.22
micron filter (Millex-GV, Millipore, Bedford, MA) continuously for approximately
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20 minutes, until observed to be free of dust with a 20x telescope attached to our
light scattering instrument. It was found, however, that when this method of dust
removal was used, that the measured time autocorrelation function of solutions at
concentrations within an order of magnitude of the critical micellar concentration
did not exhibit a narrow, single modal distribution of relaxation times as expected.
Rather, it was found that the distribution of relaxation times in such a sample was
bimodal, with one peak centered about the expected relaxation time for micelles,
and the other peak an order of magnitude slower. Samples prepared without this
continuous filtration did not exhibit the second, slow decay.
In order to avoid the difficulties presented by this bimodal distribution of decay
rates, a second method of dust-removal was used. In this method, samples were
passed just once through a rinsed 0.22 micron filter (Millex-GV, Millipore, Bedford,
MA) into a scattering cell, which was then sealed and centrifuged at 4600 x g for at
least 30 minutes.
3.1.2 Dynamic Light Scattering Measurements
Dynamic light scattering measurements were performed using two different instru-
ments. Details of these instruments are to be found elsewhere [7, 10, 42], but the
essential features of each will be summarized below.
The light source of the first instrument consists of a vertically polarized argon-
ion laser (Spectra-Physics model 164, Mountain View CA) emitting at 488.0 nm.
Light from the laser illuminates the sample, which is held at a fixed temperature to
within 0.1°C by a Peltier device. Scattered light is collected by a photomultiplier
(Pacific Instruments, Concord CA), mounted with the detection optics at the end
of a long swinging arm. The signal from the photomultiplier is passed through
an amplifier/discriminator (Pacific Instruments, Concord CA) to a Langley-Ford
(Amherst, MA) model 1096 autocorrelator with 144 channels for processing.
The second instrument is based on the design of Haller, Destor, and Cannell [43]
and was built by Richard Chamberlin. It is described in great detail elsewhere [42].
Light from a vertically polarized argon-ion laser (Coherent Innova 90-5, Santa Clara
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CA) emitting at 488.0 nm was used to illuminate the sample, which is held at fixed
temperature to within +0.002K within a large water reservoir. Light scattered from
the sample is collected by a fiber-optic cable at one of twelve fixed angles (11.5° <
0 < 162.6°) and directed to the photomultiplier (Pacific Instruments, Concord CA).
The signal was then passed through an amplifier/discriminator (Langley-Ford PAD-
1) and to a Langley-Ford model 1096 autocorrelator similar to the first instrument.
In both instruments the Langley-Ford autocorrelator is used to measure the time
autocorrelation function (I(q, O)I(q, t)) of the incoming photocounts. Photocounts
are accumulated by the correlator over a short time interval, t, , called the sample
time. At the end of each sample time, the accumulated number of photocounts is
loaded onto the first position of a shift register after shifting all existing numbers
on the register up one position. Thus, if nk is the number of photocounts received
during the kth sample time, then after i sample times, the first element contains ni,
the second element contains ni-1, the third, ni-2, etc.
Furthermore, as each photocount is received by the correlator, each value on 144
of the elements of the shift register is added to its own running total. If the first
element is chosen to keep a running total, then after N sample times of operation
we will have accumulated
N
E rnini_1. (3.1)
i=l
Likewise, if the kth element is chosen, we will have accumulated
N E nini-~k-~ (3.2)
i=l
Since the correlator can accumulate data in the shift register before the measurement
is started (that is, before the running totals are cleared and started) values for which
i - k < 1 are defined. In any case, values for which i - k < 1 are few in number if
the total number of sample times of the measurement, N, is large.
The 144 running totals, or channels, are chosen in the following way. The first
128 are taken sequentially, following an initial delay, td, of up to 1024 sample times.
Between channel 128 and 129, there is a further delay of 1024 sample times. The last
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16 channels are then taken sequentially. Thus, each of the 144 correlator channels
provides an estimate of the average value of (I(q,O)I(q,t)) over the time interval
from t to t + t,. The first 128 channels record the time correlation function from
td + t to td + 128tS. The last 16 channels measure the correlation function from
td + 1153t8 to td + 1168t, and thus provide an estimate of (I(q, O)I(q, t)) for t much
longer than t, and can be used to check for the presence of very slow decays, such
as those caused by dust. For our measurements, we will always choose td equal to
either 0 or 1 sample time.
Choice of the sample time is important, as it will dictate the range of decay rates
that will be probed by the measurement. For all of our measurements we attempt
to choose a sample in a consistent way, coupled to the properties of the sample.
The average decay rate was obtained from a trial measurement using the method
of cumulants (described below), truncating the series at the second cumulant. The
sample time was then adjusted so that the next measurement should span typically
either 3 or 6 decay times. A new trial measurement was taken, and the process of
adjusting the sample time was repeated until the results were self-consistent, that is,
until no further adjustment was necessary. At this point two or three measurements
were performed for each choice of the number of decay rates, collecting light for
from 3 to 5 minutes for each measurement. An additional measurement with a
fixed sample time of 10ps was sometimes performed to check for the presence of
additional, slow decays.
In order to extract from the measured photocount time autocorrelation function
useful physical information about our system (like, for example the collective diffu-
sion coefficient of the particles in our solution) we must first obtain the normalized
first-order correlation function g(t) which is discussed in Chapter 2. The relation
between (I(q,O)I(q, t)) and g(t) is given by Equation 2.50. From this equation we
see that it is necessary to know (I(q))2. This number can be calculated, since in
addition to recording the time autocorrelation function, the correlator also records
the total number of sample times during the measurement nt, the total number
of photocounts accumulated and loaded onto the shift register during the entire
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measurement, ns, and the total number of add commands during the measurement
na. In principle ns should equal na, but in practice they are slightly different due
to dead-time in the correlator electronics. The best estimate of (I(q))2 is therefore
given by
(I(q))2 = sna, (3.3)
nst
which we call the monitor baseline. This baseline was used to calculate f(A)g(t).
As mentioned in Chapter 2, in the regime where interparticle interactions are
small, the fluctuations in the scattered light from the sample are caused by the
Brownian motion of the particles suspended in solution. The contribution of a
particle to the normalized first-order correlation function has an exponential form
e- rt (3.4)
with a characteristic decay time of
F = Dq2, (3.5)
where D is the translational diffusion coefficient, of the particle, and q is the scat-
tering vector. If all of the particles in the system are of the same size, then
g(t) = e-rt (3.6)
and it is a simple task to extract their diffusion coefficient from the measured cor-
relation function. However, in the case of polydisperse systems, the analysis of the
measured correlation function is not so straightforward. For a polydisperse system
we may write the normalized first-order correlation function
g(t) = dF A(r)e - rt, (3.7)
where A(F) is the normalized amplitude of scattered light associated with decays
having a characteristic decay time F- 1. Thus, A(F) will be proportional to the
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concentration and the mass of the scattering particles. Determination of A(F) by
a direct inverse-Laplace transform would, in principle, allow us to determine the
concentration distribution of particle sizes in the solution. Unfortunately, the inver-
sion of Equation 3.7 is an ill-posed problem [44]. For any reasonable measurement,
there exist infinitely many solutions for A(F) that will fit to within the experimental
uncertainties. Furthermore, as a result of arbitrarily small changes in the measured
g(t), we obtain large amplitude, fast-oscillating fluctuations in A(F). Physically, this
is unreasonable, since we expect our actual distribution to be a smooth function of
F. Thus, other alternatives need to be sought.
The most popular method of obtaining information about A(F) is the method
of cumulant analysis [45, 46]. In cumulant analysis, we fit ng(t) to a polynomial of
the form
Ing(t) = ZAKi! (3.8)
i=l1
In the limit of N - oo or t - 0, the cumulants, Ki, are related to the moments of
A(r). For example,
K1 = j drrA(F) = ()av, (3.9)
K 2 = jf dF (2 - (F)2) A(F) = (r2)av - ()2 (3.10)(3.10)
and so forth. In practice, this method usually permits the reliable determination of
the first cumulant, and with less accuracy, the second cumulant.
Recently, powerful alternatives to the cumulant method have been developed.
These methods [44, 47, 48] permit the reconstruction of the distribution of diffusing
particles by incorporating a-priori information about the system. The method we
have used to analyze our data is based on Reference [47], and was implemented by
Dr. Aleksey Lomakin [49]. This regularization algorithm is similar to the method
of Provencher [44, 50] and the method of Skilling and Bryan [48].
The normalized first-order correlation function given by Equation 3.7 is approx-
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imated by a histogram of the form
nc
g(t) = Aie - r it, (3.11)
i=l
where nc is the total number of channels taken in the solution, Fi is the characteristic
decay rate associated with the ith solution channel, and Ai is the amplitude of the ith
solution channel. The Fi must be chosen consistently with the measured data points.
That is, since the data contain no information about time scales shorter than one
sample time, it would be senseless to consider solutions with F > t 1. Furthermore,
we cannot distinguish from each other, decays slower than about twice the range
of the first 128 channels taken together. Thus, the Fi for 2 < i < n are chosen
logarithmically between (256ts) -1 and t - 1, with F1 = 0. This choice of the i
constrains the solution points to within the limits allowed by the measurement. All
decays slower than twice the range of the first 128 channels are considered together
in the first, background channel.
The value of n, should be chosen larger than the number of independent pa-
rameters contained in the data. For example, a measurement from which we can
reliably extract a first and second cumulant but not the third, can be said to contain
between 2 and 3 independent parameters. The number of independent parameters
in a given set of data will depend on the noise level of the data. For our homo-
dyne dynamic light scattering measurements this number is typically around 2 or
3. Thus, we arbitrarily choose the value n = 60, which provides a reasonably
smooth characterization of the solution. Solutions with n > 60 will provide a
smoother approximation to Equation 3.7, but will of course become progressively
more computationally expensive. Furthermore, such solutions contain no additional
information, since 60 is already well above the number of independent parameters
contained in the data.
Experimentally, we determine the quantity
G(tj) = (I(q, O)I(q, tj)) - (I(q))2, (3.12)
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where we have used the index on t to indicate that our measurements are at the 144
discrete points chosen by the correlator, as discussed previously. By Equation 2.50,
we see that our measurement is proportional to g(t)2. Our task is to calculate the
n, values {Ai}. Toward this end, we must minimize the fourth order functional in
Ai
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Qo({Ai) = E [G(tj)- (g(tj))2] 2 (3.13)
j=1
subject to the physical restriction that all Ai > O.
Unfortunately, that is not all, since the problem is still ill-conditioned. There are
still a large number of solutions that will fit equally well to within the experimental
uncertainties. Also, small changes in the experimentally measured quantities can
still result in fast oscillating fluctuations in the {Ai). These fluctuations are phys-
ically unreasonable, since in most cases, we expect that our distribution of Ai)
should be reasonably smooth. By smooth, we mean that differences between Ai and
Ai+1 should be small. In this way, we also reduce the sensitivity of the solution to
noise in the experimental data.
There are a variety of different methods of choosing a solution that is smooth in
{Ai) [44, 47, 48]. In the algorithm implemented by Dr. Lomakin, we add a stabi-
lization term to the minimization integral that punishes nonzero solution channels.
The result of this term is to smooth the resulting distribution. Instead of minimizing
Q0, we choose to minimize the functional
nc
Q({Ai, ) = Qo({Ai}) + 6 E Ai2, (3.14)
i=1
where the non-negative regularization parameter 6 regulates the amount of smooth-
ing of the solution. Larger values of 6 result in smoother solutions, but at the
expense of some systematic distortion. This distortion can be felt as a slight in-
crease in Qo({Ai in) from its absolute minimum at 6 = 0, Qo({Ai;}n), where
{Ai} I i n refers to the set of Ai that minimizes Equation 3.14 at the specified value of
6. The regularization parameter must therefore be chosen as small as possible, but
yet still large enough to make the solution insensitive to the random errors in the
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experimental measurement. We therefore choose the regularization parameter by in-
creasing 6 from zero until the value of Qo({Ai }in) has increased from its minimum
by some threshold amount, o, defined relative to Qo({A}Ai i),
o({Ai} Imin ) = (1 + a)Qo( {Ai} 0 ) . (3.15)
In the analysis of our data, we have used ro = 0.01. This criterion provides an
objective way of choosing 6 consistent with the measurement accuracy and the
shape of the distribution.
To compare measurements from a set of data with the same measurement ac-
curacy, we should choose the same regularization parameter. In this case, we first
analyze all of the data, choosing the regularization parameter as described above.
From the results of this analysis, we choose a single value of 6 that best represents
all of the data, and analyze all of the data again using this single value.
3.1.3 Static Light Scattering Measurements
Static light scattering measurements were performed using the light scattering in-
strument constructed by Richard Chamberlin, described in the previous section and
in great detail elsewhere [42]. The angular dependence of the light scattered from a
sample was measured in a cylindrical cell. Measurements were obtained by cycling
through the 13 fixed angles (0 = 0° and twelve angles for which 11.5° < 0 < 162.6°)
by means of computer controlled shutters, collecting the scattered light for - 1.5
seconds at each angle. This cycling procedure was repeated until at least 30 such
measurements were accumulated from each angle. The intensity measured at each
angle in a cycle was normalized to the measured transmitted intensity for that cycle
in order to correct for laser power drift and sample turbidity. Since a cylindrical
scattering cell was used, no further correction for turbidity was required. In or-
der to reduce the effects of dust (particularly at the smaller angles), the average
and standard deviation of the normalized measurements at each angle were calcu-
lated, and any measurement falling more than five standard deviations above the
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mean intensity was discarded. A new average was computed from the remaining
measurements.
The formula we obtained in Chapter 2 for the total intensity of light scattered
from a sample (Equation 2.36 with Equation 2.38) depends on quantities that will
vary from experiment to experiment. These quantities include the scattering volume,
V, the distance from the scattering volume to the detector, R, and the intensity of
the illuminating light source, EO2. From a practical standpoint, it is useful to define
a quantity that depends only on the intrinsic scattering properties of the scattering
solution. This quantity is named the Rayleigh ratio, and it is defined
R(0) - I(q)R2 (3.16)E2V
Comparison with Equation 2.36 and Equation 2.38 shows that the Rayleigh ratio,
as defined above, is independent of R, E02, and V.
In our instrument, each angle has its own fixed collection optics. Differences in
alignment at the various angles cause the efficiency of light collection to be signif-
icantly different at each angle. In order to remove these instrumental factors from
the measurements, it is necessary to to perform a comparative measurement. In
addition to our sample, a measurement of the same kind as described above was
performed on a reference solvent with known scattering properties (Toluene, HPLC
grade, Aldrich) contained in a cylindrical scattering cell similar to that containing
the sample. The angle dependent Rayleigh ratio of the sample was determined from
the relation
Z(0) = (nsamp 2 (Is amp()/Isam(O)) R (3.17)
nref 1 ref(O)/Iref () r3f
which includes the factor (nsamp/nref)2 to correct for the change in scattering volume
and solid acceptance angle due to the different indices of refraction of the sample
and reference solvent. The Rayleigh ratio of toluene is independent of angle, but has
some dependency on temperature and wavelength. Values of n and R for toluene at
the temperatures and wavelength of interest are given in Table 3.1.
By extrapolating R(0) to 0 = 0° , corresponding to q = 0, we can determine
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Table 3.1: Toluene refractive index and Rayleigh ratio at A=488 nm as a function
of temperature
T (C) n a Rb T (C) n 1R
5 1.516 38.4 35 1.500 40.2
10 1.513 38.7 40 1.487 40.5
15 1.511 39.0 45 1.494 40.8
20 1.50781 39.3 50 1.492 41.2
25 1.505 39.6 55 1.489 41.5
30 1.502 39.9
aThe temperature dependent values of n were computed in Reference [42].
bTaken from Reference [42]. The temperature dependence at A=488 nm was determined by
extrapolating the I(T)/I(20C) measurements of Ehl [51] for A=548 nm to the desired temperature,
applying the correction (nT/n200C) 2 to correct for temperature dependent index changes, and
applying this as a temperature correction to the reported value for 1R at 250C and A=488 nm by
Bender et. al. [52]
the osmotic compressibility as shown in Chapter 2. Using Equation 2.47 for the
scattered intensity and Equation 3.16, the definition of the Rayleigh ratio, R(O), we
have
1 9ir 47r2 n2c n 2 13
kBTac A4 () (3.18)
An experimental estimate of the refractive index increment is determined by using
a refractometer (Bausch and Lomb Abbe-3L) to measure the refractive index of the
sample as a function of total concentration.
For a system of particles with interactions that can be approximated by a second
virial coefficient suspended in a weakly scattering solvent, Debye [53] has shown that
1 07r 1
+ M c2Bc, (3.19)kBT c M
relating the inverse osmotic compressibility to the molecular weight, M, of the par-
ticles and their second virial coefficient, B. If the system is polydisperse, then M is
actually the weight-averaged molecular weight. In systems such as protein solutions
or polymer solutions where the particle size is not expected to change appreciably
with concentration, the molecular weight of the particles is properly determined by
extrapolating the measured osmotic incompressibility to zero concentration. The
concentration dependence of the osmotic incompressibility then provides informa-
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tion about the second virial coefficient of the system. If the interactions are weak,
the concentration dependence of the osmotic incompressibility will be small, and
neglecting the second virial coefficient without performing the extrapolation to zero
concentration will not cause too great an error.
In a micellar system, however, the average particle size is determined by a de-
tailed equilibrium between a distribution of micelles of various sizes and shapes,
and the free monomers in solution. When the total concentration of surfactant is
changed, this equilibrium can shift, and can cause a change in the average particle
size. By extrapolating the osmotic incompressibility to zero concentration assuming
that all of the actual measurements are for concentrations above the critical micellar
concentration, we will obtain an estimate of the average molecular weight of the min-
imum sized micelle. The meaning of the concentration dependence of the osmotic
incompressibility is less clear now, since M is expected to change appreciably with
concentration, but also interactions are bound to become important at some point.
We have assumed that in the region where our total intensity measurements have
been taken (well below the phase boundary and for concentrations well below the
critical concentration for phase separation, see Section 3.2.3) that the interactions
between micelles are weak and that the concentration dependence of the osmotic
incompressibility can be interpreted as a change in the weight-averaged micellar
mass. Keeping in mind, however, that other explanations are possible, we call the
resulting mass the apparent molecular weight, Mapp.
3.2 Experimental Results
Having discussed our experimental system and the methods used to prepare samples
and accumulate, analyze, and interpret light scattering data on that system, we
now present and discuss our experimental results. This section is divided into four
subsections. The first two subsections comprise the majority of our results. In
Section 3.2.1 we discuss and present quasielastic light scattering measurements over
a broad range of temperature and concentration for concentrations well above the
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critical micellar concentration for the pure C12E6 and water system and the pure
C12Es and water system. This section serves as background for the next section,
Section 3.2.2, in which quasielastic light scattering data on mixtures of C12E6 and
C 12E8 is presented.
It was stated in the introduction to this chapter that it is generally believed
that C12E6 micelles and C12E8 micelles exhibit rodlike growth in aqueous solution
at sufficiently high temperature and concentration. It is reasonable, therefore, to
propose that mixed micelles composed of the two surfactants should also exhibit
linear growth. This hypothesis is investigated by means of combined static and
dynamic light scattering measurements in Section 3.2.3. Finally, in Section 3.2.4,
we present light scattering measurements in the very dilute regime that allow a
determination of the critical micellar concentration at different temperatures for
pure C12 E6 micelles and for pure C12E8 micelles. We will see in Chapter 4 that
these measurements are necessary in order to determine all of the parameters of the
generalized ladder model presented there.
3.2.1 Dynamic Light Scattering Measurements on Pure
C12E6 and Water and Pure C12E8 and Water
We are primarily interested in the behavior of surfactant mixtures, specifically aque-
ous solutions containing mixtures of C12E6 and C12E8. However, we first begin with
an examination of the behavior of solutions containing pure C12E6 and solutions
containing pure C12E8, in order to establish the properties of the two individual
micellar systems. Aqueous solutions of pure C1 2E6 and aqueous solutions of pure
C12E8 were prepared as described in Section 3.1.1 and measured using dynamic
light scattering as described in Section 3.1.2. All measurements were made at a
scattering angle of 900. The resulting correlation functions were analyzed using the
regularization procedure discussed in Section 3.1.2.
Figure 3-2 shows the results of our measurements on the pure C12 E6 and water
system (3-2a) and the pure C12Es and water system (3-2b) on the same scale. We
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Figure 3-2: The average diffusivity, D, measured as a function of total surfactant
mole fraction, X, for aqueous solutions of pure C12E6 (a) and pure C12E8 (b). The
different symbols represent measurements at different temperatures. The solid lines
through the data points are intended as guides to the eye, to indicate the trends
present in the data. The critical temperature for phase separation is indicated at
the top of each plot.
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have plotted the average diffusivity, D, versus the total surfactant concentration, X,
in mole fraction units, over the temperature range 10°C < T < 50°C for C12 E6 and
100C < T < 550C for C12E8. If Ns is the total number of surfactant molecules in
the solution and Nw is the total number of water molecules in the solution, then
the total mole fraction, X, of surfactant is given by
X = Ns + (3.20)
Data for C12E6 at 550 C is not available because for C12E6, Tc = 51.10 C. The data
are plotted on the same scale to illustrate the difference in behavior at any given
temperature.
We turn our attention first to the plot for C12Es. We notice first of all that
the data show no systematic concentration dependence except at T = 500 C and
T = 550C. This indicates that the diffusing micelles are weakly interacting and
remain more or less of constant size over this concentration range. The systematic
decrease of D with X at T = 500 C and T = 550 C can be understood as either an
increase in particle size (larger particles diffuse more slowly), or as an increase in
attraction between micelles. We notice also that D increases quite regularly with
temperature until, once again, T = 50 - 550C is reached. The steady increase with
temperature does not necessarily mean that the micellar size is changing with T,
as we know that the solvent viscosity (the viscosity of water) decreases significantly
with temperature. A smaller solvent viscosity clearly allows the particles suspended
therein to diffuse more quickly. In fact, when we interpret these data in terms of
a particle size, properly accounting for the changes in the solvent viscosity, we will
see that there is no systematic change of particle size with temperature, except at
T = 500C and T = 550C. The decrease in D from T = 500C to T = 550C in
Figure 3-2 clearly indicates either an increase in micellar size or attraction.
At T = 10°C and T = 15°C, the data for C12E6 look the same as those data
for the pure C12E8 solutions. We see weak concentration dependence, and the mag-
nitude of D at T = 10°C and T = 150C are nearly the same as the corresponding
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curves for C12E8. However, we begin to see a decrease in D with concentration for
temperatures as low as T = 200C. At T = 250C and higher, the concentration
dependence becomes quite strong, and between T = 250 C and T = 300 C, D begins
to decrease with increasing temperature. It is interesting to note that in both the
C12E6 data (TC = 51.10 C) and in the C12Es data (Tc = 78.4°C), the concentration
dependence of D is first seen at about the same distance in temperature from the
phase boundary: about TC - 300C.
We should also note that all of the data shown so far is in the region below Xc,
the critical concentration for phase separation (for C12E6 , Xc = 8.0 x 10 - 4 [18], for
C 12 E 8, XC = 1.1 x 10- 3 [54]). In the introduction to this chapter, we mentioned
that as X is increased, beyond Xc, a minimum in the observed diffusion coefficient
is observed. Figure 3-3 shows such a minimum. In the figure, we have compared
our measurements on C12E6 for the T = 250 C isotherm with the measurements of
Wilcoxon and Kaler also at T = 250 C [18]. We have also shown their data for
T = 27°C, which extends to much greater total concentration, and clearly shows
the minimum in the diffusion coefficient. Comparison of the T = 25°C isotherm
indicates that our measurements are consistent with theirs. As was discussed pre-
viously, it is clear that for concentrations near Xc and higher, that intermicellar
interactions are important, and the measured diffusivity should not be interpreted
in terms of an actual particle size.
On the other hand, as we also discussed previously, we wish to interpret the
changes in D occurring below Xc and T in terms of a change in the average
particle size. The standard way to accomplish this is to use the Stokes-Einstein
relation [20], relating the diffusion coefficient to the particle radius in a solution of
ideal (noninteracting) spherical particles:
kBTD = (3.21)
67rqRH'
where D is the diffusivity, RH is the radius of the spheres, and r/ is the (solvent)
viscosity. If the particles are not spheres, then RH, called the hydrodynamic radius,
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Figure 3-3: The measured diffusivity, D, for pure C12E6 and water along the T =
25°C isotherm from this work (closed circles) is compared to the data of Wilcoxon
and Kaler [18] for the T = 25°C isotherm (open squares) and the T = 27°C isotherm
(open triangles). The data of Wilcoxon and Kaler clearly show the presence of
a minimum in the measured diffusivity as concentration is increased. The lines
through the data points are guides to the eye. The solid line indicates that the two
sets of data for the T = 25°C isotherm are consistent. The dashed line indicates the
trend of the data of Wilcoxon and Kaler for the T = 27C isotherm.
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represents the size of an effective spherical particle with the same diffusive properties
as the actual particle. A hydrodynamic model must be constructed to obtain RH
in terms of the structural parameters of the actual particle. Exact solutions exist
only for ellipsoids (both prolate and oblate). Many approximate calculations have
been performed for other shapes [55]. If there is a distribution of particle sizes (i.
e. polydispersity), then the hydrodynamic radius we obtain is the z-average over
the distribution of sizes (since each particle contributes according to the intensity
of light it scatters).
Using the Stokes-Einstein relation, we report our measurements for C12E6 and
C12E8 in terms of the hydrodynamic radius versus concentration. Both plots are
shown on the same scale in Figure 3-4. We clearly see the difference in the extent
of micellar growth over the temperature range studied. All of the data for C12E8 is
shown on the plot, it just so happens that all of the points (except for the highest
temperatures) fall on top of each other. Thus, we see that over the range 10°C < T <
50°C, C12E8 exhibits practically no growth, while C12E6 shows a marked increase
in average size with both temperature and concentration. The data for C12E8 are
plotted separately on a more appropriate scale in Figure 3-5.
3.2.2 Mixtures of C12E6 and C12E8
Having examined the behavior of aqueous solutions of pure C12E6 and pure C12E8 we
are now in a position to consider mixtures of the two surfactants and water. Before
presenting the data on the mixtures, however, we will first indicate graphically the
regions of the phase diagram studied. This will help to provide a clear understanding
of what has been studied, and how the various data should be viewed with respect
to each other.
The regions of the phase diagram that we have studied are indicated schemat-
ically in Figure 3-6. Since we are examining a mixture including two surfactants,
the phase diagram is three-dimensional. The relative proportions of the two surfac-
tants and water are determined by two independent variables. We have chosen these
variables to be: X, the total surfactant mole fraction, and c, the relative compo-
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Figure 3-4: The apparent hydrodynamic radius computed from the data of Figure 3-
2 for aqueous solutions of pure C12E6 (a) and pure C12Es (b) using Equation 3.21.
The different symbols represent measurements at different temperatures. The solid
lines through the data points are intended as guides to the eye, to indicate the trends
present in the data.
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Figure 3-6: The regions of the C12E6, C12E8 and water phase diagram studied using
quasielastic light scattering. The absolute temperature, T, is plotted on the vertical
axis, while on the x and y axes are plotted the total surfactant mole fraction, X,
and the relative composition of surfactant, a,. The large rectangles indicate the
regions studied. The curves at the top of the figure indicate the coexistence curves
for pure C12E6 ( = 1.0) and for pure C12E8 (a, = 0.0).
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sition of the surfactant. They are defined as follows. Let there be NA molecules
of C12E6, NB molecules of C12E8, and Nw molecules of water in the solution. The
total surfactant mole fraction is then defined
X = NA + NB (3.22)
while the relative composition is defined in terms of the relative proportion of C12E6
a NAN (3.23)
Thus, a, = 0 corresponds to pure C12E8 and water, and a, = 1 corresponds to pure
C12E6 and water. The large rectangles indicate the regions where measurements were
made. In addition to the pure C12E6 and water system (for which measurements
were made over the range 10°C < T < 50°C with 5 x 10- < X < 6 x 10- 4 )
and the pure C12E8 and water system, (for which measurements were made over
the range 100 C < T < 550C with 5 x 10 - 5 < X < 5 x 10-4), quasielastic light
scattering measurements were also made for mixtures of C12E6 and C12E8 with
three different relative compositions: a = 0.501, a, = 0.763 and a, = 0.848. For
a., = 0.501, measurements were carried out over the range 15°C < T < 560 C with
6.25 x 10- 5 < X < 2 x 10-3. Data was obtained for a, = 0.763 over the range
100C < T < 550C and 5 x 10- 5 < X < 1 x 10- 3. Finally, for a, = 0.848, we
measured in the region 100C < T < 550 C and 6.25 x 10-5 < X < 2 x 10 - 3.
At the top of the Figure 3-6, the coexistence curves for liquid-liquid phase separa-
tion are indicated for pure C12E6 and pure C12E s. The phase boundary for the mixed
C12E6, C12E8 and water system has been obtained by Puvvada and Blankschtein
[17], and the two coexistence curves for pure C12E6 and water and pure C12E8 and
water in Figure 3-6 are taken from that study. It should be noted here that in
the mixed case there is also a phase separation into two coexisting liquid phases
differing in total surfactant concentration, and that the coexistence curve for any
fixed relative composition lies between the coexistence curves for pure C12E6 and
pure C12E8. It was found experimentally by Puvvada and Blankschtein that the two
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liquid phases of the phase separated solution contain the same relative composition
of surfactant. In general, it is possible to have a three-phase equilibrium in such a
system. Furthermore, it is not required in a two-phase equilibrium, such as the one
observed, that the compositions of the two phases should be equal.
The data for the average diffusivity measured for the three mixtures studied are
plotted in Figure 3-7(a-c). From left to right, the three plots represent an increasing
relative proportion of C12E6. The leftmost plot contains all of the data obtained for
various temperatures and total surfactant concentrations for solutions containing a
roughly 50% mixture of C12E6 and C12E8 (a, = 0.501). The center plot shows the
data for solutions containing about 75% C12E6 and 25% C12E8 (S = 0.763), and the
measurements presented in the rightmost plot are from solutions containing a rela-
tive mixture of about 85% C12E6 and 15% C12E8. In the region below X = 1 x 10-3 ,
all three plots show behavior that is qualitatively similar to the behavior exhibited
by pure C12E6 in Figure 3-2b. That is, at the lower temperatures (100 C-150 C) there
is a weak dependence of the diffusivity, D, on concentration. Furthermore, com-
paring the data for T = 10°C and T = 15°C amongst the three plots and with the
corresponding data for pure C12E6 and pure C1 2E8 from Figure 3-2, we see that the
magnitude of D for each temperature varies only weakly with relative composition,
a,. As temperature is increased at fixed X, we again see that D increases with
temperature and then begins to decrease. A strong concentration dependence also
develops, the strength increasing with the relative proportion of C12E6 at any given
temperature. Finally, we note that in general, in the regions exhibiting this con-
centration dependence that the magnitude of D decreases with increasing relative
proportion of C12 E6 at any given temperature and total concentration.
For the case of ca, = 0.501 and a,, = 0.848, measurements were extended beyond
X = 1 x 10- 3 (note that the critical concentration for phase separation for C12E8
is 1.1 x 10-3). In these data, we clearly see the development, as the temperature is
increased, of a minimum in D as a function of concentration similar to the minimum
observed by Wilcoxon and Kaler [18] for pure C12E6, reproduced in Figure 3-3. At
T = 10°C and T = 15°C we see from the extended concentration range that D
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Figure 3-7: The average diffusivity, D, measured as a function of total surfactant
mole fraction, X, for mixtures of C12E6 and C12E8. The different symbols represent
measurements at different temperatures. The solid lines through the data points are
intended as guides to the eye, to indicate the trends present in the data. Each plot
corresponds to a different relative composition of C12E6 . This relative composition
is indicated at the top of each plot.
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actually increases with concentration.
The temperature and concentration dependence of all of the data for the mixtures
can be interpreted in exactly the same manner as the data for pure C1 2E6 and pure
C12E8 were explained in the previous section. We now proceed, therefore, as we
did in the previous section, and use Equation 3.21 to relate the measured diffusion
coefficient to an average hydrodynamic radius, keeping in mind, of course, that the
interpretation of the hydrodynamic radius as an actual particle size is not expected
to be valid for concentrations in the vicinity of the observed minimum in D and
higher. This interpretation is also questionable in regions of the phase diagram in
the vicinity of the critical point of the mixed system at each fixed composition.
Figure 3-8(a-c) shows the same data that was presented in Figure 3-7(a-c) recast
using Equation 3.21 as an apparent hydrodynamic radius. For concentrations below
X = 1 x 10- 3 (for which we have assumed that an interpretation of the hydrodynamic
radius as an actual particle size is valid) we see that the particle size increases with
concentration and temperature. As concentration is decreased, we see that the
micellar size appears to approach a constant, minimum size. We can estimate this
minimum size for each composition (including the two pure cases) by performing a
linear extrapolation to zero total concentration of the data for each T < 250C in
Figure 3-8 and in Figure 3-4. We chose T < 250C because for these temperatures,
the dependence of micellar size on total concentration is weak at all compositions
studied. The different estimates (for the different temperatures) at each composition
were averaged, and the resulting minimum size is plotted as a function of relative
solution composition in Figure 3-9. We see that there is a slight increase in the
minimum radius with increasing relative proportion of C12E6. The curve, a fit of
the points to a straight line, is described by the equation
Rmin,(a,)(A) = 33.26 + 2.19a,. (3.24)
We will need this estimate in order to compare our data with the models to be
presented in the following chapters.
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Figure 3-8: The apparent hydrodynamic radius computed from the data of Figure 3-
7 for mixtures of C12E6 and C12E8 using Equation 3.21. The different symbols
represent measurements at different temperatures. The solid lines through the data
points are intended as guides to the eye, to indicate the trends present in the data.
The relative composition of each mixture is noted at the top of the appropriate plot.
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Figure 3-9: The minimum micellar radius as a function of solution relative compo-
sition. The curve is a fit to a straight line.
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Returning to Figure 3-8, we note that the extent of micellar growth increases
with the relative proportion of C12E6. Qualitatively, these results were expected: all
of the features of the plots interpolate between the two limiting cases of aC8 = 0 (pure
C12E) and c, = 1 (pure C12E6 ), see Figure 3-4. Quantitatively, we will describe the
changes in the apparent size of the micelles in terms of a generalization of the ladder
model [10] which describes the linear growth of simple micelles. We will use these
results to test the molecular-thermodynamic model of Puvvada and Blankschtein
[16, 17]. These models will be discussed in the following chapters. We shall return
later to the question of the interpretation of the observed minimum in D (reflected
as a maximum in the apparent hydrodynamic radius). By including a crude treat-
ment of intermicellar interactions, we shall suggest one possible explanation for this
minimum. First, however, we must present some experimental evidence justifying
our implied assumption in the above discussion that the mixed micelles composed
of C12E6 and C12E8 grow in one dimension. This evidence will be presented in the
following section.
3.2.3 Static and Dynamic Light Scattering from a Mix-
ture of C12E6 and C12E8 and the Determination of
Micellar Shape
As we have seen, dynamic light scattering measurements performed on a suspension
of particles gives us information about the diffusion of those particles. In the absence
of strong interactions, we can obtain an estimate of the size of the particles using
the hydrodynamic radius. As was mentioned in Section 3.1.3, measurements of the
total intensity of scattered light in the absence of strong interactions allows us to
determine, among other properties, the apparent molecular weight of the suspended
particles. By changing temperature and concentration, we can cause our micellar
system to grow, and we can study how the average size (hydrodynamic radius) scales
with the apparent particle mass. Since the measured hydrodynamic radius depends
on the particle geometry while the mass does not, we can use the information of how
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mass scales with size to distinguish among different hydrodynamic models for the
micelles, provided that the geometries are sufficiently different (for example, we can
hope to distinguish between rods and discs, but not between rods with flat ends and
rods with spherical ends). There are many different approximate hydrodynamic
models, connecting diffusion coefficient to particle geometry [55], but only three
models for which exact solutions exist: the sphere, the prolate ellipsoid, and the
oblate ellipsoid. For our purposes, it will be sufficient to compare the scaling of the
mass with hydrodynamic radius to the predictions of these models. In fact, it will
suffice to compare only with the prolate and oblate ellipsoid models since physically
a spherical micelle with radius much larger than the extended molecular length is
unfeasible.
A stock solution containing a mixture of C12E6 and C12E8 with relative com-
position ac = 0.751 and X = 5.37 x 10-4 was prepared by weight. From this
stock solution, three samples were prepared with different total mole fractions:
X = 1.00 x 10 - 4 , X = 2.00 x 10-4 and X = 3.32 x 10-4 . Static and dynamic light
scattering measurements were performed at four different temperatures (T = 25°C,
T = 35°C, T = 40°C and T = 45°C) using the light scattering instrument built by
Richard Chamberlin (described earlier).
The total intensity was measured at 12 angles with 11.5° < 0 < 162.6° and was
found to be essentially angle independent. The transmitted intensity was monitored
with a photodiode. Using toluene as a reference solvent, the procedure described in
Section 3.1.3 was used to extract the Rayleigh ratio of the sample from the scattered
intensity measurements. The resulting data for the Rayleigh ratio extrapolated to
zero scattering angle for our measurements are plotted in Figure 3-10 From this data,
we wish to extract the apparent molecular weight as described in Section 3.1.3.
In order to proceed, an estimate of the refractive index increment for our solution
is needed (see Equation 3.18). In order to provide this estimate, a refractometer
(Bauch and Lomb Abbe-3L) was used to measure the index of refraction of the
stock solution, the three samples, and water at T = 24°C. These data are plotted
in Figure 3-11. The refractive index increment,
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Figure 3-10: The Rayleigh ratio as a function of total surfactant mole fraction at
various temperatures for an cs = 0.751 composition of C12E6 and C12E8. The lines
are guides to the eye.
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Figure 3-11: The measured refractive index as a function of total surfactant con-
centration at T = 24°C for an a, = 0.751 mixture of C12E6 and C1 2E8. The curve
is the best fit to a straight line, yielding a refractive index increment of 0.12
65
a = 0.12 ± 0.01cm 3 /g (3.25)
ac
is obtained from the slope of the graph. In principle, an/Oc could be a function of
temperature. Degiorgio [54] reports values of the refractive index increment and its
temperature dependence for selected amphiphiles in the CiEj series. In all cases, the
temperature dependence is extremely weak. Thus, we are justified in using the value
of the refractive index increment that we have determined for T = 24°C at all of the
temperatures corresponding to our intensity measurements. Using Equations 3.18
and 3.19, neglecting the effects of interactions, we obtain the apparent molecular
weight. The results are plotted in Figure 3-12.
By extrapolating the data for T = 25°C to zero concentration, we can eliminate
the influence of both micellar growth and interactions, giving us an estimate of the
molecular weight of a minimum sized micelle. Dividing by the effective molecular
weight per monomer (assuming the micelle composition to be the same as the so-
lution composition), we obtain an estimate of the minimum aggregation number,
no. We find, in this way no = 135 ± 20. This value compares well with an estimate
of no for pure C12E8 micelles reported by Degiorgio [54] of no = 120. We shall
assume, therefore, that no is not a strong function of composition in this system,
and use no = 135 for all compositions. This assumption is also supported by the
weak dependence of the minimum radius on solution composition.
In addition to the total intensity measurements, dynamic light scattering mea-
surements were also performed on the same samples under identical conditions,
following the procedure outlined in Section 3.1.2. In Figure 3-13 we report the re-
sults of these measurements. Once again interpreting the change in diffusivity as
arising from a change in particle size in a system of weakly interacting Brownian
particles, we plot the hydrodynamic radius obtained from these data in Figure 3-14.
An extrapolation of the T = 25°C data to zero concentration yields a minimum
radius of 3.4nm.
As we mentioned earlier, we want to compare the scaling of mass with radius
to the predictions of the two physically reasonable hydrodynamic models for which
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Figure 3-12: The apparent molecular weight as a function of total surfactant con-
centration at various temperatures for an cs = 0.751 mixture of C12E6 and C12E8.
The curves are intended as guides to the eye.
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Figure 3-13: The average diffusivity as a function of total surfactant concentration
at various temperatures for an ac = 0.751 mixture of C12E6 and C12E8. The curves
are intended to serve as guides to the eye.
68
o 25°C
A 35°C
E 40°C
O 45°C
I I I I I I I
Q
1
1 AN 
I -r
120
= 100
c·.t.
P4
E 80
0
0r 60
40
20
(
0 2 4 6 8 10 12 14
c (g/ml) [x10 3 ]
Figure 3-14: The average hydrodynamic radius as a function of total surfactant
concentration at various temperatures for an a, = 0.751 mixture of C12E6 and
C12E8. The curves are intended to serve as guides to the eye.
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Table 3.2: Predictions
Shape
for M and RH for Prolate
M RH
and Oblate Ellipsoids [56]
Notes
Oblate ellipsoid 47rab 2p t(( 2)l2) = b/a
a = semi-minor axis
b = semi-major axis
Prolate ellipsoid 47ra2bp x = a/b
a = semi-minor axis
b = semi-major axis
p=average mass density of micelles (depends on micelle hydration)
there exist exact solutions: the prolate ellipsoid (growth in one dimension) and the
oblate ellipsoid (growth in two dimensions). Table 3.2 presents the formulae for the
mass and hydrodynamic radius of these particles in terms of the various geometrical
parameters associated with each shape.
The scaling of the apparent mass with the hydrodynamic radius is displayed
in Figure 3-15. The data for all concentrations and temperatures is shown, all
collapsing onto a single curve. The lines indicate the predictions of the two models
in which we have set the semi-minor axis a = 3.4nm, the radius of a minimum
sized micelle. Along the top axis are displayed values of the semi-major axis, b,
that for each model give the corresponding hydrodynamic radius displayed along the
bottom axis. For the purposes of this plot, p, the average mass density was left as an
adjustable fitting parameter. Since in our total intensity measurement, we measure
the scattering from the amphiphiles themselves, the molecular weight estimate that
we obtain considers only the mass of the amphiphiles in the micelle. On the other
hand, our estimate for the hydrodynamic radius is based on the diffusivity of the
micelle in the solvent. The average size we obtain from the diffusivity must therefore
include the effects of any water that is carried along with the micelle. We therefore
estimate the average hydration of the micelles according to the formula
amA + (1 - ca)mB
P = A + (1 - a)QB + nwfw' 
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Figure 3-15: The scaling of the apparent molecular weight with the average hydro-
dynamic radius for an a, = 0.751 mixture of C12E6 and C12Es. The open circles
represent all of the data for the various temperatures and concentrations presented
in Figures 3-12 and 3-14. The solid line is the prediction of the prolate ellipsoid
model assuming a semi-minor radius of a = 3.4nm and a micellar hydration of 12.8
water molecules per ethylene oxide group. The dashed line is the prediction of the
oblate ellipsoid model assuming a semi-minor radius of a = 3.4nm and a micellar
hydration of 18.4 water molecules per ethylene oxide group.
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where nw is the average number of water molecules per monomer in the micelles, mA
and mB are the molecular weights of surfactant species A (C12E6) and B (C1 2E8 ),
QA, QB and f2w are the molecular volumes of surfactant species A, surfactant species
B and water, and a is the average micellar composition, which for these purposes we
will assume is the same as the total solution composition. We will show in Chapter 4
that for a micellar solution with total concentration well above the critical micellar
concentration, the optimum micellar composition must be very close to the total
solution composition. To evaluate the molecular volumes QA, Q2B, and QW, we
make the further assumption that the mass density of both surfactant species and
water is about 1.00g/cm3 . With this assumption, we obtain
(1- ) (amA + (1- a)ms) (3.27)
Dividing by the average number of ethylene oxide groups per monomer, we can
obtain an estimate of the average micellar hydration in terms of the number of
water molecules per ethylene oxide group. Thus, for each curve in Figure 3-15,
we have provided in the figure caption an estimate of the hydration of the micelle
consistent with that curve.
Returning to our examination of Figure 3-15, we note first that the curvature of
the data clearly favors the prolate ellipsoid model. We expect from this information
alone that our data is consistent with micelles that grow in one dimension. In this
connection, Jonstr6mer et. al. [24] have reported by means of NMR self-diffusion
measurements that the hydration of micelles composed of pure C12E8 is about 8-9
water molecules per ethylene oxide group at both T = 5C and T = 60C. From
our light scattering measurements, we obtain a value of 12.8 water molecules per
ethylene oxide group if we assume a prolate ellipsoidal geometry, and a value of
18.4 water molecules per ethylene oxide group if we assume an oblate ellipsoidal
geometry. Comparison of our estimate of the micellar hydration with the estimate
of Jonstr6mer et. al. [24] clearly favors the prolate ellipsoid model. This comparison
is perhaps an additional piece of evidence supporting linear growth (rodlike micelles)
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over growth in two dimensions (disclike micelles).
3.2.4 Light Scattering Determination of the Critical Mi-
cellar Concentration
In addition to the measurements already discussed, we have also used light scatter-
ing to provide an experimental determination of the critical micellar concentration
for aqueous solutions containing pure C12E6 and for solutions containing pure C12E8 .
As was mentioned in Chapter 1, the critical micellar concentration is the concen-
tration at which micelles first begin to appear in solution. Our physical picture of
the situation may be explained as follows. Starting from zero total concentration,
we imagine adding surfactant to the system slowly. Initially, the addition of sur-
factant to the system simply raises the concentration of free monomers in solution.
When the concentration of free monomers reaches a sufficiently high level, it be-
comes advantageous to form micelles. At this point, additional surfactant added
to the system creates the first micelles leaving the concentration of free monomers
essentially constant. If the total surfactant concentration is increased further, the
additional surfactant partitions itself between the formation of new micelles and the
elongation of existing micelles, again leaving the concentration of free monomers in
solution essentially unchanged. This physical picture will be investigated theoreti-
cally in Chapter 4.
We now recall that in Chapter 2, we showed that the intensity of light scattered
from noninteracting particles suspended in solution should be proportional to the
square of the particle mass and directly proportional to the number of such particles
in the scattering volume. Therefore, below the critical micellar concentration, the
scattering intensity should in principle increase linearly with concentration, since in
this region we expect no micelles, and the number of free monomers in the scattering
volume should increase linearly with concentration. Just above the critical micellar
concentration before there is significant micellar growth, we also expect the scat-
tering intensity to increase linearly with concentration, since in this region the free
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monomer concentration is essentially fixed, and the number of micelles contained in
the scattering volume should also increase linearly with concentration. The slope in
this region, however, will be quite different from the intensity versus concentration
slope from below the critical micellar concentration. If the micelles each contain
no monomers, then in the region above the critical micellar concentration, the con-
centration of micelles will increase at a rate which is no times slower than the rate
at which the free monomer concentration increased in the region below the criti-
cal micellar concentration. However, each micelle is no times more massive than
a free monomer and thus the intensity of the light scattered from each micelle is
no2 times more intense than the light scattered from a free monomer. As a result,
the intensity versus concentration slope above the critical micellar concentration is
expected to be no times greater than the intensity versus concentration slope below
the critical micellar concentration. Since no is always much larger than unity for
micelles (we found no - 135 for our system in the previous section), we expect to
see a sharp transition between these two slopes in the vicinity of the critical micellar
concentration.
Unfortunately, in practice the transition of the intensity versus concentration
curve that occurs at the critical micellar concentration is very difficult to observe due
to experimental complications. The critical micellar concentration is extremely low
(for C12E6 and C12E8 the critical micellar concentration is of the order of 10-5M).
At such low concentrations, it is difficult to obtain a reliable measurement of the
contribution to the total scattering intensity from the micelles since this contribution
is small compared to the scattering intensity from the solvent. If we are to estimate
the critical micellar concentration by total intensity measurements, we must rely
on an extrapolation of measurements made at concentrations far enough above the
critical micellar concentration so that the scattering intensity from the micelles is at
least comparable to the scattering intensity from the solvent. For C12E6 and C12E8
such concentrations are if the order of 10-4M.
The accuracy of the determination of the critical micellar concentration can be
improved dramatically if a reliable method of measuring the scattering intensity of
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the micelles in the close vicinity of the critical micellar concentration can be found.
The technique of dynamic light scattering offers a solution to this problem. Since
the solvent particles and the free monomers are much smaller than the micelles,
their motions are correlated over time scales much shorter than the characteristic
decay time for the micelles. In other words, if we measure the intensity time au-
tocorrelation function over time scales appropriate to see the characteristic time of
the micelles, the correlations between free monomers and between solvent particles
will have already decayed to zero. Hence, the time autocorrelation function can be
written in the form
(I(O)I(t)) = B + Ae-2rt (3.28)
assuming that the micelles are monodisperse close to the critical micellar concentra-
tion. Since we are dealing with the Brownian motion of the micelles in the solvent,
the decay rate, r, is related to the magnitude of the scattering vector, q, and the
diffusivity, D, according to the relation r = Dq2 , as was shown in Chapter 2. The
baseline, B, is proportional to the square of the average intensity, and the ampli-
tude of the decay of the correlation function, A, is proportional to the square of the
scattering intensity from the micelles only. By fitting the experimentally measured
intensity time autocorrelation function to Equation 3.28, and taking the square root
of A, we can obtain a quantity proportional to the intensity of light scattered from
the micelles.
For concentrations in the close vicinity of the critical micellar concentration, the
low signal makes the determination of F unreliable. However, in this region the
value of A is relatively insensitive to , due to the same noise that hinders the
determination of F. We are justified then in fixing F to some reasonable value in
this concentration region, so as to obtain a set of values for A which are consistently
determined.
Dilute solutions of C12E6 and water and C12E8 and water were prepared by
weight, filtered once and centrifuged as described in Section 3.1.1. The total mole
fractions prepared for C12E6 were: X = 5.00 x 10 - 7 , 1.01 x 10- 6 , 2.01 x 10- 6,
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3.04 x 10-6, 5.04 x 10-6, 8.01 x 10-6 and 1.00 x 10-5; and for C12E8 were: X =
5.27 x 10- 7, 1.01 x 10-6 , 2.01 x 10-6, 3.01 x 10- 6 , 5.00 x 10- 6, 8.01 x 10- 6 and
9.97 x 10- 6. Scattering cells containing pure water were also prepared and mea-
sured. Measurements of the time autocorrelation function were performed using
the rotating arm instrument (described earlier) at T = 25°C and T = 59°C for
the C12E8 solutions and at T = 25°C, 35°C, 40°C, 45°C and 49°C for the C12E6
solutions.
All measurements were made at a 900 scattering angle with a sample time of
1.0/s. Because of the low signal associated with such dilute solutions, data was
accumulated for 10 minutes for each measurement. At least two such measurements
were made at each temperature and concentration. For the most dilute solutions,
dust was sometimes a problem even after filtering and centrifugation because of the
long accumulation time. For samples in which a 10 minute dust-free measurement
could not be obtained, a series of measurements were performed, accumulating data
for 2 minutes. Five such dust-free measurements were added together to provide
the equivalent of a 10 minute measurement. Each set of measurements at a fixed
temperature for all concentrations of either C12E6 or C12E8 was taken with the same
laser intensity and with the same adjustment on the collection optics.
The resulting data were analyzed by fitting to Equation 3.28 above, having first
normalized each correlation function measurement according to its total measure-
ment time (the total number of sample times) so that all measurements in a set
could be compared directly.
For the C12E8 solutions, for which very little micellar growth was observed from
T = 10C - 55°C, we obtained a reasonable estimate for F from the measurements
on the sample with X = 9.97 x 10-6 , and used that value of F to obtain A for all of
the measurements in a set.
The data for the C12E6 solutions were analyzed in a similar way to extract A.
However, due to the fact that at the higher of the concentrations studied here the
apparent size changes at temperatures above room temperature, at these temper-
atures, F could not be fixed for all of the measurements in a set. At T = 250 C,
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an estimate of r for ungrown micelles was found by fitting to the X = 1.00 x 10 - 5
data. For the T = 25°C set, this value of F was used for all concentrations. For
measurements from concentrations higher than X = 3 x 10-6 at T = 350C and
X = 2 x 10-6 for T > 350C, where the noise in the measurements were relatively
low, r was allowed to vary as a fitting parameter. For the measurements where the
noise was too great to accurately determine F, we fixed r to the value determined
at T = 25"C for the ungrown micelles.
In order to estimate the critical micelle concentration at a given temperature, we
plot I = ·v§ against the surfactant concentration, as in, for example Figure 3-16.
The location of the transition in the intensity versus concentration curve mentioned
previously is determined by extrapolating the linear behavior from both above and
below the transition and finding the intersection as shown in Figure 3-16. This
procedure was carried out for the C12E8 and water solutions at T = 250C and 510 C,
and for the C1 2E6 and water solutions at T = 25°C, 35°C, 40°C, 45°C and 49°C.
The data and analysis are shown in Figure 3-17. No temperature dependence was
seen for C12E8 between T = 250 C and 510C, so additional measurements were not
made. We estimate the critical micellar concentration (cmc) for C12E8 at XCMC =
(1.95 ± 0.1) x 10- 6. For the C12E6 and water solution, a weak dependence of the
cmc with temperature was observed. The resulting values of the cmc are plotted as
a function of temperature in Figure 3-18 along with other selected determinations
of the cmc [57] using different techniques. The curve is a fit of all of the data to a
straight line, which can be described by the equation
XCMC = 1.9 x 10- 6 - 6.7 x 10-9 (T - 250C). (3.29)
We see that the trend is for the critical micellar concentration to decrease slightly
with increasing temperature.
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Figure 3-16: The intensity of scattering from micelles, I, as a function of total
surfactant concentration in the vicinity of the critical micellar concentration at T =
25°C for an aqueous solution containing pure C12E8. The curves are fits of the
data to straight lines in the appropriate regions of the plot and are used to extract
the critical micellar concentration as described in the text. Here, we find XCMC =
1.94 x 10-6.
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Figure 3-17: Plots of the intensity of scattering from micelles, I, as a function of
total surfactant concentration in the vicinity of the critical micellar concentration
at T = 51°C for pure C12E8, and at T = 25°C, 350 C, 400C, 450C, and 490C for pure
C1 2E6. The curves are fits of the data to straight lines in the appropriate regions of
the plot and are used to extract the critical micellar concentration as described in
the text. We find for C12E8 at T = 51°C, XCMC = 1.96 x 10- 6. XCMC values for
C12E6 are presented in Figure 3-18
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Figure 3-18: The critical micellar concentration of C12E6 as a function of tempera-
ture. The circles represent the values of the critical micellar concentration obtained
from Figure 3-17. The triangles represent values measured using several different
techniques and are taken from Reference [57].
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Chapter 4
Extending the Ladder Model
In Chapter 3 we presented the results of an extensive light scattering study on the
mixed C12 E6, C12E8 and water system. It was found that, with increasing concen-
tration, temperature, and relative proportion of C1 2E6 the mixed micelles exhibited
a tendency to grow in one dimension. We shall examine the statistical mechanics
of this one-dimensional growth in this chapter. Starting from first principles, in
Section 4.1 we review the ladder model for micellar growth [10], which is suitable
to explain the linear growth of micelles composed of a single surfactant species in
the absence of interactions between the micelles. A geometric model of the micelles
is proposed, and an expression is derived for the distribution of micellar sizes. Two
limiting cases of particular interest are then discussed, the dilute limit, and the limit
of strong micellar growth.
In Section 4.2, we propose the simplest possible generalization of the ladder
model to the case of mixtures that is capable of explaining the data of Chapter
3 in the region where micellar interactions may be neglected. We begin with a
general discussion in terms of a system containing k different kinds of amphiphiles
present. Again, we begin from first principles, and our discussion parallels the
discussion of Section 4.1. In Section 4.2.3, for simplicity, we restrict ourselves to a
system containing two different kinds of surfactant and water. We further focus on a
system in which the two kinds of surfactant are similar, and derive an expression for
the distribution of micellar sizes and compositions. This expression is simplified in
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Section 4.2.5 by the adoption of a random-mixing approximation within the micelle.
This approximation is adopted because it greatly simplifies the sections that follow
and because it will turn out that our data are consistent with the approximation.
The approximation is not necessary, however, and so a full treatment of the problem
is given in Appendix B. Proceeding with the simplified treatment, we show that
the micellar distribution is narrow in the composition variable. This observation
suggests that there is some "optimal" composition for the micelles, and that weighted
sums over the micellar distribution can be greatly simplified. We conclude the
chapter with a discussion of the micellar distribution in the dilute limit and the
limit of strong micellar growth, and with a general discussion about the moments
of the micellar distribution.
4.1 Review of Single-Component Ladder Model
In this section, we write a general expression for the partition function of our system
of amphiphiles and water. We show that our general expression can be factored into
two terms, the partition function of water in the absence of amphiphiles, and a par-
tition function for the amphiphiles that includes the interactions between different
amphiphiles and the interactions between amphiphiles and the surrounding water,
but averaged over the different positions of the water molecules.
Because the amphiphiles are partly hydrophobic, the interaction energy between
the water and amphiphiles can be reduced if the molecules group themselves into
micelles in which the hydrophobic parts are shielded from the surrounding water.
By considering the amphiphiles to be grouped into micelles, we can consider the
interactions between different micelles separately from the interactions between am-
phiphiles and water and the interactions between different amphiphiles within a
micelle.
In the dilute limit, when the distance between micelles is large, we can neglect
the interactions between different micelles. In this case, the free energy of the system
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resembles that of a mixture of ideal gases with each distinct micellar species as a
separate chemical entity. Since the different micellar species can "react" with one
another by the exchange of monomers with the solution, the chemical potentials of
the different micellar species are all related to one another. The mole fraction of
micelles of each distinct micellar species is found by equating the chemical potential
of a monomer in solution to the chemical potential of a monomer in each distinct
micellar species.
4.1.1 The Partition Function
Let us consider a system consisting of a single species of amphiphiles in water. Let
there be Nw molecules of water and NA amphiphiles in the system. In general, the
partition function for this system may be written
Z = h3NNwA! J d3yid3pi N d3Yjd3Pje - (piYi P j Y j}) / kBT (4.1)
where 7Y is the Hamiltonian of the system that depends on the coordinates (yi)
and momenta (Pi) of all of the water particles in the system and on the coordinates
(Yj) and momenta (Pj) of all of the amphiphiles in the system. For our system,
the Hamiltonian can be written
NA 2
tH({p,yiPj,Yj})= WT(({ipi},yi) + 3I + U(({y,Y} ), (4.2)j=1 2m
where lw({pi, yi}) is the Hamiltonian of water in the absence of solute, Pj is the
magnitude of the momentum of the jth amphiphile and mA is the mass of an am-
phiphile. The term U({yj, Yj}) is the potential energy of the interactions between
water and amphiphiles, and of the interactions between different amphiphiles. This
term therefore depends on the positions of all of the particles in the system.
The partition function for pure water can be written
1 . Nwy)Ik
w h3NwNw! J II d3pid3yie-w({py})/kBT. (4.3)h3NwNW.i=1
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We now wish to factor out of our total partition function Z, the partition function
for pure water. That is, we write
Z = ZWZA, (4.4)
and we see that as a result of factoring out Zw, the partition function for the
amphiphiles ZA could be written
Z 1 3p - {{1 2mAYj})/kBT (4
ZA - - h3NANA! fI iJdP=e { [} /
where U is the interaction potential between water and amphiphiles averaged over
the different positions of the water molecules:
U({Yj}) = -kBT ln(e-U({Y Y ) /k BT)W. (4.6)
Until this point, the statements we have made are completely general. We now
wish to consider specifically, the case of amphiphilic molecules in water. We have
previously argued on physical grounds that a system of amphiphiles in water at suffi-
cient concentration will self-assemble into a distribution of micelles in order to shield
the hydrophobic regions of the amphiphiles from the surrounding water. In terms
of our expression for the partition function, this means that the magnitude of the
solvent-water interaction, U, can be decreased dramatically if the NA amphiphiles
in the system are grouped into micelles. To describe the system in these terms,
we will consider that the potential U can be modeled as a sum of terms indicating
the interactions between the amphiphiles within each micelle and the interactions
between each micelle and the surrounding solvent. In addition, there should also
be a term that depends on the relative positions of all of the micelles to describe
the interactions between different micelles. Mathematically, we can represent this
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model for U by the equation:
M
u({Yj}) = ) Ukt ({rik}') + Ue({Rk}), (4.7)
k=l
where the index k indicates the kth micelle and M is the total number of micelles in
the system. On the right hand side of the equation, we have changed notation for
our position variables. Because we have grouped the amphiphiles into a distribution
of micelles, it now makes sense to refer to the position of each micelle and the rel-
ative positions of the amphiphiles within that micelle rather than keeping track of
the absolute positions of all of the amphiphiles separately. Here, Rk is the position
of the center of mass of the k th micelle, and Tik is the position of the ith independent
amphiphile contained in the kth micelle. Note that if the kth micelle contains nk
monomers, that there are nk independent position variables needed to describe the
micelle. The definition of the center of mass of the micelle determines the position
of one of the amphiphiles contained inside the micelle in terms of the relative po-
sitions of the other nk - 1 amphiphiles. Therefore, there are nk - 1 variables rik
for the kth micelle. The potential Uknt({rik} ') measures the interactions between
the amphiphiles within the kth micelle and the interactions between the kth micelle
and the surrounding solvent. Unt depends, therefore on the relative positions of
the amphiphiles within the kth micelle, but not on the position of the micelle in the
solution. The prime indicates that the set of rik should include only the rik for the
kth micelle. The potential Ue"t({Rk}) measures the interactions between different
micelles and depends on the positions of the center of mass of all of the micelles
in the system. In principle, Uext also depends on the relative orientations of the
micelles with respect to one another if the micelles are not spherical.
Now that we have a physically reasonable model for U, we have to incorporate
it into our expression for the partition function. To do so, we must change the
integration variables in Equation 4.5 over to the center of mass variables and relative
position variables defined above. For each possible grouping of all of the amphiphiles
into micelles, we must then integrate over the positions of all of the micelles and the
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positions of all of the amphiphiles within each micelle. The total partition function
Z = ZWZA should then be a sum over all of the different ways that the amphiphiles
can be grouped into micelles. Symbolically, this can be written
ZWh3NANI E Jt i(d3Pe a )2z x
h3NANA! differentgroupings j=1
x J e{ uFnt({Ik}Y)+Uex({Rk})}/kBT d3Rk II d3rik) , (4.8)
k=1 i=l
where we have exchanged our position variables {Yj} (the positions of the NA
amphiphiles) for the center of mass and relative coordinates {Rk} and {Vik}.
In the case when our solution of micelles is dilute, such that the distance between
micelles is large compared to the range of the interactions between them, we can
neglect the effects of of Uext({Rk}). Therefore, in the dilute limit, our expression
for Z can be simplified:
= w [d3Rk I (eUnt{ik)/kBTd3rik] (4.9)
VFNA NA! differentgroupings k=l i=l
In addition to making the dilute approximation, we have additionally carried out
the integrations over the momentum variables, resulting in the term VFNA. Each
factor of VF comes from the integration over the momentum of an amphiphile:
1 = 1 fd3pjePj2/2mAkBT = (27rmAkBT ) (4.10)
VF h h
The quantity VF has units of volume, and is often called the Fermi volume.
In order to proceed, we must make clear the meaning of the summation over the
different possible groupings of the amphiphiles into micelles. The indistinguishibility
of the amphiphiles is already taken care of by the factor of NA! in Equation 4.9.
Therefore, each term in the sum in Equation 4.9 results from considering a different
association of the amphiphiles into micelles, as is indicated pictorially in Figure 4-
1. Two different groupings of the amphiphiles are shown. Each distinct kind of
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Figure 4-1: Two different possible groupings of amphiphiles into micelles. The
circles represent amphiphiles, and the brackets identify the various micelles into
which the amphiphiles are grouped. The numbers indicate the type of micelle. Note
specifically that micelles with the same number of amphiphiles are not necessarily
of the same type. In the first grouping, micelles of type 2 and micelles of type 4
both contain 3 amphiphiles, but presumably they differ in geometry. Likewise in
the second grouping, micelles of type 3 and type 7 both contain 2 amphiphiles.
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Type (m)
micelle in the figure has been labeled by a different value of the index m. We
note specifically that micelles with the same number of monomers are distinct if
they differ in geometry (in the figure both type 2 and type 4 micelles contain three
monomers). As we shall see when we discuss mixed micelles in Section 4.2, micelles
with the same number of monomers will also be distinct if they differ in relative
composition. The index m, therefore, runs over all of the different possible micellar
sizes and geometries.
Because two micelles of the same size and geometry (the same index m) will have
the same interaction potential, the contribution from a term in the sum over the
different possible groupings in Equation 4.9 depends only on the number of micelles
of each type present in that term. We define the variable Nm as the number of
micelles of each distinct size and geometry m and nm as the number of monomers
contained in a micelle of type m. The set of numbers {Nm} then indicates the
number of micelles of each distinct size and geometry present in a term in the sum
in Equation 4.9. Each such term with the same set {Nm} will make the same
contribution to the total partition function. The number of such terms is equal
to the number of ways that the NA amphiphiles can be distributed amongst the
distribution of micelles {Nm }. Since nm is the number of amphiphiles contained
in a micelle of type m, then the number of ways that the NA amphiphiles can be
distributed amongst a given distribution of micellar sizes and geometries {Nm} is
Vim NA! flm!)Nm)(4.11)
rn (Nn! (nn!)Nm)
This equation is understood as follows. In the numerator, we note that there are
NA! ways to arrange the NA amphiphiles. Of these possible arrangements, we must
divide out the possible rearrangements of indistinguishable micelles (Im Nm!) and
the possible rearrangements of the indistinguishable amphiphiles within each micelle
(Hm(n!)Nm).
As a result of the above considerations, we may rewrite Z as the sum over all
different possible micellar size and geometry distributions {Nm} with the constraint
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that the total number of amphiphiles is NA:
z W NzmE 1 [ V ( n 3 Rm -l II d3rime-um t({rim})/kBT) N 
all Nm m F m- F m i=l
(4.12)
where we have used the prime to indicate the presence of the constraint that for
each allowed set of {Nm}, the total number of amphiphiles must be NA. Since the
interaction potential is identical for all of the micelles of a given size and geometry
m, we have collected together the contributions from each of the Nm micelles of type
m into a single term. In this sense, the interaction potential Un t ({im}) considers
the interactions between a single micelle of size and geometry m and the surrounding
solvent and the interactions between the nm amphiphiles within that micelle. The
constraint that the total number of amphiphiles present in the solution is NA may
be written
NA = E nmNm. (4.13)
m
Equation 4.12, can be written the much more compact form
z=Z Nm'JJI (d3RmZm (4.14)
all {Nm} m VF Nm 
where the quantity Zm collects together all of the factors internal to a single micelle
of size and geometry indicated by the index m. Zm is given by the expression
1 fm1
Zm VFnm-1 nm H d3rimeU t({rim})/kBT, (4.15)
and represents the internal partition function for a single micelle of size and geometry
m.
In the dilute limit, since the interaction energy between a single micelle of type
m and the surrounding water, Umt ({rim}), does not depend on the position, Rm,
of the micelle, each explicit integration in Equation 4.14 yields a single factor of V,
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the total volume of the system. Therefore,
Z Zw Z Nm!( VF (4.16)
all { Nm m
4.1.2 The Free Energy and the Micellar Distribution in
the Dilute Limit
The free energy of our system is given by
F = -kBTInZ = Fo - kBTIn ZA (4.17)
where FO = -kBTln Zw is the free energy of water in the absence of amphiphiles.
From Equation 4.16, we recall that ZA = Z/ZW is a sum over all of the possible
micellar size and geometry distributions (that is the sum over all possible sets {Nm})
subject to the condition that the total number of amphiphiles is fixed. When the
system is very large (the total number of amphiphiles tends to infinity) the log of
ZA can be well approximated by the log of the maximum term in the sum over the
different distributions of micellar sizes and geometries (that is, the term in which the
particular set of micellar sizes and geometries {Nm} gives the maximal contribution
to Z). Therefore, the total free energy is approximately
F = F - kBTZNmn V (4.18)F= ~n VF--m
which resembles a mixture of ideal gasses where each micellar species m is a different
"gas" with internal free energy -kBTlnZm. In Equation 4.18, {Nm} is now the
single micellar shape and size distribution that gives a maximal contribution to Z.
We must now find the form of the set {Nm} that gives maximal contribution
to Z, subject to the condition that the total number of amphiphiles is fixed. This
is equivalent to finding the form of the set of micellar sizes and geometries {Nm}
that minimizes the free energy of the system subject to the condition that the total
number of amphiphiles is fixed. To find the form of {Nm}, we will use the method
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of Lagrange multipliers. We recall that the constraint that the total number of
amphiphiles is constant may be written
NA = nmNm = const. (4.19)
m
Minimizing F({Nm}) subject to the constraint that NA is constant is equivalent to
minimizing a new function
Q = F({Nm}) - n ] mNm. (4.20)
m
without constraint, where F is the free energy. Performing a variation with respect
to N, and setting 5Q = 0, we have
VZm
- kBTln V N- nmy = 0 (4.21)
VFNm
for each distinct micellar size and geometry m. To proceed in a purely mathematical
way, we should now express each of the Nm as a function of the Lagrange multiplier
[u and determine /t such that Em nmNm(#) is equal to the total (fixed) number
of amphiphiles in the system. It will be more insightful, however, to examine the
physical meaning of the Lagrange factor /u.
In principle, Equation 4.19 can be used to express one of the Nm (for example the
concentration of free monomers) in terms of NA and all of the other Nm. The free
energy F is therefore implicitly a function of NA. Minimizing Q without constraint
means that all of the partial derivatives of Q should vanish. In particular, we must
have that
Of] OF
a a-- = 0 (4.22)
which implies that
OF
= ONA (4.23)
aNA,
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The chemical potential of a micelle of type m in solution is defined
OF OF NA
#Im = ON = - (4.24)
Mm a NA Nm'
Using the definition of the chemical potential y (Equation 4.23) and our expression
for the total number of amphiphiles in the system (Equation 4.19), we obtain for
the chemical potential of a micelle of size and geometry m:
Im = /rnim. (4.25)
This condition holds for all of the different possible sizes and geometries, including
the free monomers. Denoting the chemical potential of a free monomer in solution
as p, Equation 4.25 tells us that
p/1 = , (4.26)
and we see that the Lagrange multiplier, #,, is the chemical potential of a monomer.
Equation 4.25 therefore tells us that the chemical potential of a micelle of type m is
simply related to the chemical potential of a monomer. Since Equation 4.25 is true
for all m, the chemical potentials of all of the different micellar species are related
to one another. By substituting Equation 4.25 into Equation 4.21, we see that the
variation of Q with respect to Nm gives us an expression for the chemical potential
of a micelle of size and geometry m in terms of the concentration of micelles of type
m in the solution:
ILm = kBT In Nm - kT V(4.27)
VF
Denoting the mole fraction of micelles of type m
Nm NmX = Nm-= Nm (4.28)XmNwNA N' (4.28)
where N is the total number of water molecules and amphiphiles in the system, we
obtain
lm = I °m + kBT In Xm (4.29)
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where the standard part of the chemical potential y is
os = -kBTn V-N (4.30)VFN'
We are now in a position to obtain an expression for the equilibrium mole fraction
of micelles of type m in solution in terms of the mole fraction of free monomers in
solution at equilibrium. We proceed by noting that at equilibrium, the chemical
potential of a monomer must be the same in solution and in a micelle of type m.
Using Equation 4.25, the equilibrium condition between free monomers and micelles
of type m can be written
(4.31)
nm
The chemical potential of a micelle of size and geometry m is given by Equation
4.29. Since Equation 4.29 is also true for the free monomers, we also have
= o + kBTlnXl, (4.32)
where we have denoted the mole fraction of free monomers as X 1, and the standard
part of the chemical potential a free monomer as it °. Substituting Equations 4.32
and 4.29 into the equilibrium condition (Equation 4.31), we obtain the desired result
Xm = Xlnme(tm-nmu)/kBT (433
The mole fraction of micelles of type m in solution at equilibrium is determined by
two physically significant factors. The first factor, (X1nm) represents the likelihood
that the nm monomers that make up the micelle of type m will be localized in the
same region of space. The second term is a Boltzmann factor that expresses the free
energy advantage associated with assembling a micelle of the appropriate geometry
for a micelle of type m from the nm localized monomers. The micellar distribution
can be found in terms of the total mole fraction of surfactant, X, by determining
X1 in terms of X by enforcing the conservation of the total number of monomers in
the solution. Performing this step requires that we first know the standard chemical
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potential differences / - nm#,Il for the entire distribution.
4.1.3 One-Dimensional Growth and the Ladder Model
In Section 4.1.1 we defined m as an index that runs over the distinct sizes and
geometries of micelles possible in the system. In principle, one should consider all
possible different geometries and calculate Zm for each geometry and total aggrega-
tion number, thus determining gl for all m (including ). In practice, this cannot
be done, because it is not possible to consider all possible different geometries.
Many real systems exist at equilibrium in a well defined geometry or set of
geometries, for example, a system that exists as small spheres in coexistence with
rods of varying lengths. In such a system we can model the micelles with a small
number of physically meaningful parameters, giving us a reasonable approximation
to the actual distribution of micelles.
Far above the critical micellar concentration certain micellar systems have been
shown to form a polydisperse solution of long, rodlike micelles. Near to the critical
micellar concentration, these systems generally exist as a relatively monodisperse
distribution of small spherical or ellipsoidal micelles with some minimum size, no.
Micelles with total aggregation numbers significantly less than no do not exist in
equilibrium because the hydrophilic heads of the constituent amphiphiles cannot
adequately screen the hydrophobic core of the micelle from the surrounding water.
We shall be concerned with such a system. We model the long rodlike micelles
as prolate spherocylinders as shown in Figure 4-2. A micelle of total aggregation
number n consists of a cylindrical body of radius a containing n - no monomers and
two hemispherical end caps of radius a, each containing no/2 monomers. In general,
we need not consider the ends of the micelle to be hemispherical, but for simplicity
of the picture, we shall assume that they are. For n no this approximation will
not be as accurate as, say, a prolate ellipsoidal model, but since we will be generally
concerned with growth well above the critical micellar concentration, we may neglect
the precise details of the distribution in the region near no. We shall furthermore
assume that micelles with total aggregation numbers n < no cannot exist.
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Figure 4-2: The geometry of a cross-section of a spherocylindrical micelle. A micelle
of size n consists of a central cylinder of length I and radius a that contains n - no
monomers. At both ends of the cylinder are hemispherical end caps, each with
radius a and containing no/2 monomers.
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It is clear to see that in this model, distinguishable micelles differ in their total
aggregation number only. Thus, the label m in the micellar distribution can be re-
placed by the total aggregation number n, and we can write the micellar distribution
of sizes:
X = X 1n e- ( °O-u1)/kBT (4.34)
Here, go, is the standard (internal) part of the chemical potential of an n-mer. That
is, lo is the change in the free energy associated with placing one n-mer into water
apart from the entropy of mixing. Likewise, o - nl 0 represents the change in
free energy of the system associated with transferring n monomers from water into
an n-mer. We shall call this quantity the free energy of micellization. Given our
geometrical model, we should be able to make some statements about the free energy
of micellization for increasing n.
As Tanford has suggested [58], the free energy of micellization per monomer
in a micelle may be taken as a first approximation to be simply a function of the
cross-sectional area of the surfactant molecule presented at the surface of the mi-
celle. This area depends on the local geometry and packing in the micelle. For the
spherocylindrical micelle pictured in Figure 4-2, there are two regions of distinct
geometry, the hemispherical end caps and the cylindrical body. In the cylindrical
body, each monomer sees the same local environment except, perhaps the monomers
nearest the ends. Neglecting these effects, we will associate a standard part chemical
potential per monomer in this region of yo. For each monomer in the spherical end
caps, we will likewise associate a standard part chemical potential of °. If we were
to assume that the end caps were not hemispherical, then /u would represent an
average standard chemical potential per monomer in the end. Thus, we write
Io = no, + (n - no)p° (4.35)
and the free energy of micellization, °0 - n ° may be written
IL =n nn + (n - no)y - no - (n - n0)l (4.36)
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Figure 4-3: The sequence of free energy differences A + (n - no) of the ladder
model.
= no(so - 1) + (n - no)(/ -1 °) (4.37)
The sequence of energy levels for increasing n is shown in Figure 4-3. This sequence
may be described as and infinite ladder with a gap. The base of the ladder (the zero
energy reference) refers to the free monomers in solution. This level is separated
from the level corresponding to the minimum sized micelle by an energy gap of size
A = no(t °- /Y). (4.38)
Since we have said that the shielding of the hydrophobic regions of the amphiphiles
inside a micelle from the surrounding solvent lowers the interaction energy of the
amphiphiles with the solvent, we expect that o < uo and so A will be a negative
number.
For n > no, each level is separated from the previous energy level by a fixed
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ladder rung spacing of
= (c- lt). (4.39)
For the same reason that we expect pu < , we also expect that < , indicating
that 6 is also a negative quantity. Thus, for our geometrical "ladder" model we
express the micellar distribution in terms of two parameters, the gap spacing, A,
and the rung spacing 6. Incorporating the ladder model (Equations 4.37-4.39) into
our expression for the micellar distribution gives
Xn = Xl n e-(A +(n- no)6)/kBT (4.40)
It is useful to define the parameter K as follows:
K = e(a-no6)/kBT = eaVlkBT (4.41)
where A/, measures the difference in energies to put no monomers into the cylindrical
portion of a micelle or to put the same no monomers into the ends of a new micelle.
If Ay/ is positive (meaning that K > 1), then, since A and 6 (on which K depends)
are both negative numbers, noS must have a larger magnitude than A, and we see
that it is energetically favorable to put the monomers into the cylindrical region.
This corresponds to micellar growth. With our definition of K (Equation 4.41), the
micellar distribution is written
Xn = -XIe -n /kBT (4.42)K
As was mentioned in Section 4.1.2, in order to determine the micellar distribution
appropriate for a given total mole fraction of surfactant in solution, we must use
the expression for the conservation of the total number of monomers in the system
to obtain an expression for X1 in terms of X. This conservation relation may be
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written as a sum over the micellar distribution:
00oo
X = X1 + nX,. (4.43)
n=no
If we insert our expression for the micellar distribution (Equation 4.42) into the
conservation relation, we can perform the sum, giving
X = X1 + An{ (1 - A) (1 -A)
where we have made the definition
A = Xe - / k sBT. (4.45)
In order for the sum to converge to a finite concentration, A < 1, indicating that X1
is always less than the quantity e/kBT. Equation 4.44 can be numerically solved for
X1 given any total concentration X if the values of A and have been determined.
At this point, the problem is in principle solved, since from the micellar distribu-
tion we can calculate, at least numerically, any experimentally observable quantity.
Likewise, we can use experimental data to obtain information about the micellar
distribution. It will, however, be interesting to examine the micellar distribution in
the dilute regime, and also in the regime of strong micellar growth.
4.1.4 The Dilute Regime
As has been previously discussed, at low total surfactant concentrations there should
exist a transition below which no micelles exist and above which essentially all
additional surfactant added to the solution exists in micellar form. This transition
is expected to occur over a narrow range of concentrations, and for this reason we
can define a critical micellar concentration to identify the concentration at which
the transition occurs. We wish to show here that Equation 4.44 implies such a
transition.
Examining the form of Equation 4.44 and recalling the definition of A (Equation
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4.45), we see that the value of X determined as a function of X1 should show a
sharp transition because of the factor Ano appearing in Equation 4.44. When A is
not close to unity, the large power of no effectively kills the contributions to the
total concentration X from the second and third terms on the right hand side of
Equation 4.44. In this region, X = X1, and it is clear that no micelles are present
in the solution.
As the total concentration, X, is increased, the value of X1 (and thus A) in-
creases. As A approaches unity, the value of Ano increases sharply and the second
and third terms on the right hand side of Equation 4.44 can not be neglected.
Remembering that these two terms come from the summation over the micellar dis-
tribution, we note that together, they should be proportional to the total number of
monomers in the solution that exist in micellar form. The critical micellar concen-
tration, therefore, lies in the vicinity of the concentration region where the second
and third terms on the right hand side of Equation 4.44 first become comparable to
the magnitude of X1.
If K > 1, then when X approaches e/kBT, X1 becomes comparable to ekBT,
meaning that the value of A approaches 1 and we can no longer neglect the second
and third terms on the right hand side of Equation 4.44. In fact, as we increase the
concentration further, X1 can increase only very little, since its maximum value is
e/kBT, as we saw in the previous section. If the value of X1 exceeds es/kBT, then
A > 1, and the summation over the micellar distribution resulting in Equation 4.44
does not converge. Therefore, most of the increase in X at the stage where X is
about e/kBT is reflected as an increase in the second and third terms of Equation
4.44, and so we expect the critical micellar concentration to lie in the vicinity of
X = e/kBT
On the other hand, if K < 1, then the second and the third terms on the right
hand side of Equation 4.44 become significant before X reaches e /kBT. In this case,
it is convenient to recall the definition of K (Equation 4.41) and the definition of A
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(Equation 4.38) so that we may rewrite Equation 4.44
X = X1 + (e(o_)/kBT) { (1- A)+ (1 - A)2 } (4.46)
We see that when X approaches the quantity e( °- °)/kBT, X1 becomes comparable
to e( °- L)/kBT, meaning that the second and third terms on the right hand side
of Equation 4.46 begin to increase sharply and can no longer be neglected. We
therefore expect the critical micellar concentration to lie in the vicinity of X =
e( - L)/kBT. Furthermore, we note that the condition that K < 1 implies that
e ( &°- A ) /kBT < e / k BT. Therefore, from the definition of A (Equation 4.45), we
see that when the second and third terms on the right hand side of Equation 4.46
become significant, that A is not necessarily very close to unity in the sense that
Ano is still small compared to unity. We will see in the next section that this implies
that for K < 1 we cannot physically realize the limit of strong micellar growth.
4.1.5 The Limit of Strong Micellar Growth
By strong micellar growth, it is meant that there are significant numbers of micelles
with n > no, or equivalently, the levels in the micellar distribution Xn in Equation
4.42 for n > no must be significantly occupied. This implies that A is close to unity.
Let us then define
A = 1-- (4.47)
no
where < 1. For almost all practical cases, the limit of strong micellar growth will
also correspond to the limit X e/kBT, that is, the total concentration is far above
the critical micellar concentration. We will first examine the limit of strong micellar
growth when the total concentration is far above the critical micellar concentration.
We shall then consider the conditions for which strong micellar growth can occur
even close to the critical micellar concentration.
For total concentrations far above the critical micellar concentration, 4.44 gives,
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to leading order in 
X = 6 /kBT + - (4.48)
In the above equation, we could replace X1 with e6/ k BT since X > e6/ kBT and the
correction introduced by considering XI as different from e6/kBT is of the next order
in . Equation 4.48 implies that
K(X - e/kBT) > nO2. (4.49)
With Equation 4.48 as an estimate of 6/no, Equation 4.47 becomes
1
[K(X - e/kBT)]1/2 (4.50)
and using Equation 4.50 in Equation 4.42 (also recalling the definition of A), the
micellar distribution can be rewritten
Xn -e-n/[ (xe6/kBT)]1/2 (4.51)
Thus, we see that in the limit of strong micellar growth, the micellar distribution is
an exponential, whose width increases as [K(X - e/kBT)]1/2.
As we mentioned in the previous section, in order to physically realize the limit
of strong micellar growth as presented above, we must have that K > 1. This
can be shown by examination of Equation 4.49. We note first that by definition,
X < 1, since X = 1 corresponds to a solution containing only surfactant. In
addition, the quantity e6/kBT should be small compared to unity, since in general 6
is a negative number indicating the stability of cylindrical micelles relative to free
monomers. Therefore, on the left hand side of Equation 4.49 K multiplies a quantity
(X - e/kBT) that can be at most of the order of unity, and which in all practical
cases is small compared to unity. However, we are told by Equation 4.49 that in
order to realize the limit of strong micellar growth, the quantity K(X - e/ kBT)
should be much greater than no0 2. We know that for a micellar system, no should be
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large compared with unity. We therefore cannot realize the limit of strong micellar
growth unless K > 1, since unless K > 1, we have no way to satisfy Equation 4.49.
We now wish to investigate the conditions for which strong micellar growth can
occur for concentrations near to the critical micellar concentration. From Equation
4.51, we see that at a fixed total concentration that as K is increased, the micellar
distribution becomes broader. Equivalently, if we consider a fixed width of the
micellar distribution, increasing K will decrease the total concentration X for which
that distribution occurs. We therefore wish to estimate the magnitude of K required
to have large growth at low concentration. Let us consider the case when X = esl/kBT
and A is close to 1 as in Equation 4.47. As we have previously done, we expand
the mass conservation relation (Equation 4.44) to leading order in . However, since
X is no longer large compared to e /k BT, we cannot also replace X1 with e6 /kBT.
Instead of Equation 4.48, we have
1 n 2X= K e2 ' (4.52)
Using the definition of A and substituting X = e/kBT, we get
8e/kBT = es/kBT (1 + )+ 1 no2 ()
which tells us that to leading order in ,
KeS/kBT = no (4.54)
Recalling that the quantity e/kBT is of the same order as the critical micellar
concentration, Equation 4.54 implies that if K > no3/XCMC, where XCMC is the
critical micellar concentration, then even near the critical micellar concentration
there is considerable micellar growth. If, on the other hand, it turns out that
K < no3 /XcMc, then near the critical micellar concentration the solution exists as
a relatively monodisperse distribution of nearly minimum-sized micelles. We now
investigate which limit applies to our experimental system.
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For the case of pure C1 2E 6 at 500C, we will find that no 135, K 5 x 1010,
and XCMC 1.7 x 10-6 . The value of K is much less than no3 /XcMc - 1.4 x 1012.
For lower temperatures, we will find that K is smaller than 5 x 1010, and so for all
temperatures studied we have for pure C12 E6 that K (< no3 /XcMc. For pure C12E8
we will find that no - 135, XCMC 2.0 x 10- 6 , and in the regions of temperature
studied, K < 6 x 105. Therefore, for pure C12E8 we also find that K < no3 /XcMc,
implying that near the critical micellar concentration both pure solutions exist as
a relatively monodisperse distribution of nearly minimum-sized micelles. In the
regions that show appreciable micellar growth, we can be sure that X > e/kBT.
As a result of this, we can simplify the expression for the micellar distribution even
further, since we can neglect e/kBT as compared with X in Equations 4.49- 4.51.
For the micellar distribution, we have
1 e-/[KX]/2 (4.55)
Experimentally, we can measure certain averages over the micellar distribution.
For example, with static light scattering, we can measure the weight-averaged aggre-
gation number. In the limit of strong micellar growth, such measurements will allow
us to experimentally determine K. Knowledge of the critical micellar concentration
can then be used to determine the value of 6.
The weight-averaged aggregation number is defined by
00 00
n, = Z n2 X,/ > nXn. (4.56)
n=no n=no
After inserting the micellar distribution and taking the limit of strong micellar
growth, the weight-averaged aggregation number may be written
n, no + 2'K-X. (4.57)
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4.2 Extension to the Case of Mixtures
Now that we have discussed the statistical mechanics of single component micellar
solutions and the ladder model for micelles that grow in one-dimension, we must
generalize our discussion to the case of multicomponent mixtures. Let us consider
a system consisting of z different kinds of amphiphiles in water. Let there be Nw
molecules of water in the system, N1 amphiphiles of type 1, N2 amphiphiles of type
2, and so on up to Nz amphiphiles of type z. Let us denote the total number of
amphiphiles in the system as
z
NA = Na, (4.58)
a=l
and the total number of particles in the system as
z
N=Nw + Na. (4.59)
a=1
The total mole fraction of surfactant species a is then defined
Xa = Na (4.60)N
4.2.1 The Partition Function
Following the logic of Section 4.1.1, the partition function of our system may be
written
Nw NAh3NN! Nyid pi d3yjd3pji f C Pe -P H({Pi.YiPj,Y})/kBT (4.61)
a Z ~~.j=1
where H is the Hamiltonian of the system that depends on the coordinates (yi) and
momenta (pi) of all of the water particles in the system and on the coordinates (Yj)
and momenta (Pj) of all of the amphiphiles in the system. For our system, we can
write the Hamiltonian
NA 
l({P, Yi, Pj, Yj}) = -w({pi, yi) + P2 +U({yi, Yj) ), (4.62)j= 2mj
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where lw({pi, Y}j) is the Hamiltonian of water in the absence of solute, Pj is the
magnitude of the momentum of the jth amphiphile and mj is the mass of the jth am-
phiphile. The term U({yi, Yj}) is the potential energy of the interactions between
water and amphiphiles, and of the interactions between different amphiphiles. This
term therefore depends on the positions of all of the particles in the system.
As in Section 4.1.1, we write the total partition function as a product of the
partition function for pure water in the absence of surfactant and a correction due
to the presence of the amphiphiles. As before, the partition function of water, Zw
is given by Equation 4.3 and we write
Z = ZWZA, (4.63)
where ZA is given by (analogously to Equation 4.5)
Z 1H NAN I
ZA Z h3N HZ N H adPjd Yj e ,U(Y)IkBTj=1
(4.64)
and U is, as before, is the interaction potential between water and amphiphiles
averaged over the different positions of the water molecules, given by Equation 4.6.
We proceed in exactly the same manner as in Section 4.1.1, modeling the inter-
action potential according to Equation 4.7, giving us for ZA,
1 NA 2
ZA = h3 N A Z= 2mj BT X
h3 N a differentgroupings j=l
x (d3Rk JJd3rik) e {=l U nt({Trk})+Uet({Rk})}/kBT (4.65)
k=l =
where, as before, the sum is over the different possible groupings of the amphiphiles
into micelles and the position variables {Yj } for the positions of the NA amphiphiles
have been exchanged in favor of the coordinates {Rk} (where Rk is the center of
mass of the kth micelle) and {rik} (where rk is the position of the i th independent
amphiphile contained in the kth micelle relative to the center of mass). Recall that
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the prime in Uknt({rik}', Rk) indicates that the set of Tik should include only the
rik for the kth micelle.
In the case when our solution of micelles is dilute, we can neglect the interactions
between micelles, that is, we neglect the effects of UeXt({Rk}). Therefore, in the
dilute limit, we can write Z
z = W Z VI NaN I E ji (d3Rk H d3rikeU-t({rik}')//kBT)
rla=j Fa a~a- differentgroupings k=l i=l
(4.66)
where we have additionally carried out the integrations over the momentum vari-
ables, resulting in the term H=l1 VFaN a. Each factor of VFa comes from the integra-
tion over the momentum of a single amphiphile of species a:
VF = h d3 PjePj2/2makBT = (2rmakBT) 3/ 2 (4.67)
The quantity VFa is the Fermi volume for a monomer of species a.
As in the single-component case, we must now make clear the meaning of the
summation over the different possible groupings of the amphiphiles into micelles.
We note that the indistinguishibility of the amphiphiles of a given species is already
taken care of in Equation 4.66 by the factor l=,l Na!. Each term in the sum
in Equation 4.66 therefore results from considering a different association of the
amphiphiles into micelles, as before. We once again define the index m to run over
all of the distinct kinds of micelles possible in solution. We note that now, a micelle
is distinct if it differs in size, geometry, or relative composition.
Because two micelles with the same index m will have the same interaction po-
tential, the contribution from a term in the sum over the different possible groupings
in Equation 4.9 depends only on the number of micelles of each type present in that
term. We define the variable Nm as the number of micelles of each distinct size,
geometry and composition m, and we define nma as the number of monomers of
species a contained in a micelle of type m. Furthermore, we denote the total num-
ber of monomers in a micelle of type m, regardless of their species, as nm. The
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quantity nm is given by
z
nm =E nma. (4.68)
a=1
The set of numbers {Nm } then indicates the number of micelles of each distinct
size, geometry and composition present in a term in the sum in Equation 4.66.
Each such term with the same set {Nm} will make the same contribution to the
total partition function. The number of such terms is equal to the number of ways
that all of the amphiphiles can be distributed amongst the distribution of micelles
{Nm . Since nma is the number of amphiphiles of species a contained in a micelle
of type m, the number of ways that the amphiphiles can be distributed amongst a
given distribution of micellar sizes and geometries {Nm is
flz=l Na! (4.69)
rm (Nm! (1Z = nma!)Nm) 
This equation is understood as follows. In the numerator, we note that there are Na!
ways to arrange the Na amphiphiles of each species a. Of these possible arrange-
ments, we must divide out the possible rearrangements of indistinguishable micelles
(im Nm!) and the possible rearrangements the indistinguishable amphiphiles within
each micelle (m IlZa=l (nma!)Nm)
As a result of the above considerations, we may rewrite Z as the sum over all
different possible micellar size, geometry and composition distributions {Nm} with
the constraints that the total number of amphiphiles of each kind is Na:
Z Zw= Zw I ' mz n
all {Nm} m F m a=l VFnma
flm-1 Nm
x me d3rim ({, (4.70)
where we have defined an average Fermi volume, VF, such that
z
VFNA = I VFaNa (4.71)
a=l
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The prime in Equation 4.70 indicates the presence of the constraints that for each
allowed set of { Nm }, the total number of amphiphiles of each species a must be Na.
Since the interaction potential is identical for all of the micelles with a given index
m, we have collected together the contributions from each of the Nm micelles of
type m into a single term as we did in the single component case. In this sense, the
interaction potential Umnt({rim})o considers the interactions between a single micelle
of size, geometry and composition indicated by m and the surrounding solvent and
the interactions between the amphiphiles within that micelle. The constraints that
the total number of amphiphiles of each species a present in the solution is N, may
be written
N = nmaN (4.72)
m
for each species a, running from species 1 to species z.
Equation 4.70, can be written in the much more compact form
Z=Zw I I N ! d3RmZm (4.73)
all{Nm m VFNmNm! (J)
where the quantity Zm collects together all of the factors internal to a single micelle
of type m. Zm is given by the expression
Zm= r fl nma-l J d3rimeU ({i})/kT (474)
and represents the internal partition function for a single micelle of size, geometry
and composition m. We note specifically that with this choice of Zm, Equation 4.73
has exactly the same form as Equation 4.14 for the single component case.
In the dilute limit, since the interaction energy between a single micelle of type
m and the surrounding water, Uimt ({rim}), does not depend on the position, Rm,
of the micelle, each explicit integration in Equation 4.73 yields a single factor of V,
the total volume of the system. Therefore,
Z = ZWw \ N!(VF ' ) (4.75)
all{Nm m
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4.2.2 The Free Energy and the Mixed Micellar Distribu-
tion in the Dilute Limit
The free energy of our mixed system has the same form as in Section 4.1.2:
F = -kBTn Z = FO - kBTn ZA (4.76)
where F = -kBTln Zw is the free energy of water in the absence of amphiphiles.
We recall that from Equation 4.75, ZA = Z/Zw is a sum over all of the possible mi-
cellar size, geometry and composition distributions (that is the sum over all possible
sets {Nm}) subject to the condition that the total number of amphiphiles of each
species is fixed. When the system is very large (the total number of amphiphiles
tends to infinity) the log of ZA can be well approximated by the log of the maxi-
mum term in the sum over the different distributions of micellar sizes, geometries
and compositions (that is, the term in which the particular set of micellar sizes and
geometries {Nm} gives the maximal contribution to Z). Therefore, the total free
energy is approximately
F = Fo - kT Nm In VZ .me (4.77)
m VFNm
which is of course the same form as we had in the single component case. We note
that in Equation 4.77, {Nm} is now the single micellar shape, size and composition
distribution that gives a maximal contribution to Z.
Here, our treatment begins to differ slightly from the single component case.
We must now find, as before, the form of the set of {Nm} that gives maximal
contribution to Z, but we now have z constraints to fulfill, namely that the total
number of amphiphiles of each species is fixed. Solving this problem is equivalent to
finding the form of the set of micellar sizes, geometries and compositions {Nm } that
minimizes the total free energy of the system subject to the z constraints that the
total number of amphiphiles of each species is fixed. To find the form of {Nm}, we
will again use the method of Lagrange multipliers. We recall that the z constraints
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fixing the total number of monomers of each species may be written
Na = E nmaNm = const (4.78)
m
for each species a. Minimizing F({Nm}) subject to the z constraints that each Na
is fixed is equivalent to minimizing the new function
z
Q = F({Nm}) - Ita E nmaNm. (4.79)
a=l m
without constraint, where F is the free energy. Here, there are z different Lagrange
multipliers {a}, that enforce the z constraints mentioned above. Performing a
variation with respect to Nm and setting SQ = 0, we have
-kT In Vm nma a = 0 (4.80)
VFNm a=1
for each distinct micellar size, geometry and composition m. As before, we could
proceed in a purely mathematical way, expressing each Nm as a function of the z
different a and then determine the values of the {/Ia} such that Em nmaNm({a })
is equal to the total (fixed) number of amphiphiles of species a in the system, for
each a. Instead, however, we will continue as in Section 4.1.2 by examining the
physical meaning of the z Lagrange factors {/Ia}. In principle, we can use the z
equations implied by Equation 4.78 to express z of the Nm (for example the free
monomer concentrations for each of the z different species of amphiphile) in terms
of the z quantities {Na} and all of the other Nm. The free energy F is therefore
implicitly a function of the {Na}. Minimizing Q without constraint means that all
of the partial derivatives of Q should vanish. In particular, we must have that
= - -F a = 0 (4.81)Na aNa
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for each of the z values of a. This implies that
OF
a aN (4.82)
The chemical potential of a micelle of type m in solution is defined
OF
m Nm (4.83)
We note that
dF = F dN,, (4.84)
a=l
and so
OF Z OF Na
MONm O Na ONr (4.85)
Using the definition of the chemical potentials {/a} (Equation 4.82) and our expres-
sion for the total number of amphiphiles of species a in the system (Equation 4.78),
we get
z
Mm = E anma- (4.86)
a=l
This equation holds for all of the different possible sizes, geometries and relative
compositions, including the free monomers of each species. Denoting the chemical
potential of a free monomer of type a in solution as /la, Equation 4.86 tells us that
Illa = ia (4.87)
and we see that the z Lagrange multipliers, {la}), are the chemical potentials of the
different species of free monomers. Equation 4.86 therefore tells us that the chemical
potential of a micelle of type m is simply related to the z chemical potentials of
the different species of free monomers. Since Equation 4.86 is true for all m, the
chemical potentials of all of the different micellar species are related to one another
at equilibrium. By substituting Equation 4.86 into Equation 4.80, we see that the
variation of Q with respect to Nm gives us an expression for the chemical potential
of a micelle of size and geometry m in terms of the concentration of micelles of type
112
m in the solution:
/, = ~kjT in N, - kBT VZm (4.88)
VF
Denoting the mole fraction of micelles of type m
Nm NmXm. 4\N Nm (4.89)Nw + NA N (4.89)
where N is the total number of water molecules and amphiphiles in the system, we
obtain
m = u° + kBT n Xm (4.90)
where the standard part of the chemical potential lo is
It -kBTlIn V N (4.91)VF N
We are now in a position to obtain an expression for the equilibrium mole fraction
of micelles of type m in solution in terms of the mole fraction of free monomers in
solution at equilibrium. The chemical potential of a micelle of size and geometry m
is given by Equation 4.90. Since Equation 4.90 is also true for the free monomers of
each species, we also have
HPa = °a + kBT ln X,, (4.92)
where we have denoted the mole fraction of free monomers of species a as Xla,
and the standard part of the chemical potential a free monomer of species a as
/°. Substituting Equations 4.32 and 4.29 into the equilibrium condition (Equation
4.86), we obtain the desired result
Xm = (Aianma) e( m - a= nma °La)/kBT (4.93)
The mole fraction of micelles of type m in solution at equilibrium is determined
by two physically significant factors. The first factor, ( 1a=l Xlanma) represents the
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likelihood that the nma monomers of each species a that make up the micelle of type
m will be localized in the same region of space. The second term is a Boltzmann
factor that expresses the free energy advantage associated with assembling a micelle
of the appropriate geometry for a micelle of type m from the localized monomers.
The micellar distribution can be found in terms of the total mole fraction of each
surfactant, Xa, by determining the {X1a} in terms of the Xa by enforcing the conser-
vation of the total number of amphiphiles of each kind in the solution. Performing
this step requires that we first know the standard chemical potential differences
/ _E=l nmaIa for the entire distribution.
4.2.3 The Extended Ladder Model for a Two-Component
System
For the purposes of what follows, we shall restrict ourselves to the consideration of
two surfactant species and water to keep the expressions simpler. In this case, the
form of the mixed micellar distribution is
Xm = (X-.AX gB) e-(m-nmA -mBB)/ksT (4.94)
where we have replaced the index a in Equation 4.93 with either A or B correspond-
ing to surfactant species 1 or 2.
As in Section 4.1.3, we proceed by introducing a physically reasonable model for
the sequence of levels y/m-nmAIIlA-nml ·1B. With two kinds of surfactant molecules
and water present in the system, distinguishable micelles can, in principle, differ in
total aggregation number, geometry, and relative composition. As in Section 4.1.3,
we should consider all possible different geometries and compositions and calculate
Zm for each geometry, composition and total aggregation number, thus determining
/~o for all m (including /1A and /1B). We cannot do this in practice, however, since
it is impossible to consider all possible geometries, as was mentioned in the single-
component case. We shall proceed as we did in Section 4.1.3, by assuming that our
system exists at equilibrium in a well defined set of geometries.
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We shall use the same geometrical model as was used for the single-component
ladder model. That is, we shall consider micelles that exhibit one-dimensional
growth, and model the long, rodlike micelles as prolate spherocylinders. Consider
a micelle containing i monomers of type A and j monomers of type B. The total
aggregation number is n = i + j. The hemispherical end caps will each contain io/2
monomers of type A and jo/2 monomers of type B. As in the single-component
ladder model, we will assume that the total number of monomers in the end caps,
no = io + jo, is the size of a "minimum micelle" which may depend on the relative
composition of the micelle, but is independent of n.
If the two different kinds of amphiphiles have sufficiently different interactions
with each other and with the water, then each arrangement of amphiphiles in a
micelle with a given number of amphiphiles of each kind could have a different
"micellization free energy" °m- nmAA° A - nmBglLOB. In this case, each arrangement
of the monomers in the micelle would have to be counted as a different micelle. We
wish to focus our attention on the case where the different amphiphiles are similar
to each other. In this case, we can assume that for a region of a given geometry, the
effective micellization free energy contributed from that region is mainly determined
from the number and type of amphiphiles present there, but not on their specific
arrangement. When we make this random mixing approximation, we are counting
as different species of micelle, only those micelles which differ in any of the quantities
i, j, io, or jo. We define Xijiojo as the total mole fraction of micelles containing i
monomers of type A and j monomers of type B, with the end caps containing a
total of io monomers of type A, and jo monomers of type B. Xij iojo is then given as
the sum of the Xm over all of the m with the same i, j, io and jo (differing in the
distinguishable arrangement of the amphiphiles) within the micelle)
xij = Z'X m = C(i,j,io,jo) (X1AiX1Bj) e (iioo--ilA-JlB)/kB T (4.95)
m
The prime indicates that the sum over m is to be carried out only over the micelles
with the same i, j, io, and jo as described above. We assume, as we mentioned
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above, that for similar surfactants, °m depends only weakly on the arrangement of
the amphiphiles in each region of the micelle. We have denoted the standard part
of the chemical potential of any one micelle with the same i, j, io and jo as P9ijioJo.
We have also made the substitutions nmA = i, and nmB = j. Therefore, C counts
the number of ways to distinguishably arrange the monomers within a micelle. We
have
no! (n - no)!C(ij, io, jo) = io!j! (i - i)!(j -j0)! (4.96)
The first factorial term counts the number of ways to arrange the io monomers of
type A and the jo monomers of type B in the ends of the micelle. The second
factorial term counts the number of ways to arrange the remaining i - io monomers
of type A and j - jo monomers of type B in the cylindrical region of the micelle. We
will see later that these factorial terms can be absorbed into the standard part of
the chemical potential for this species of micelle as a "mixing entropy" contribution
to the "free energy of micellization".
From considerations similar to those made in Section 4.1.3 we will consider the
standard part of the chemical potential per monomer in a region of a micelle to be
simply a function of the cross-sectional area of the surfactant molecule presented
at the surface of the micelle. As before, we have two regions of distinct geometry.
In addition, however, we also have two different surfactant species in each region.
We generalize Equation 4.35 by associating a standard part chemical potential per
monomer /IA(io0, o) to each monomer of type A in the ends of the micelle and
a standard part chemical potential per monomer °SB (i0, o) to each monomer of
type B in the ends of the micelle. If the two surfactant species interact with each
other, then I'/A and poB will depend on the relative composition in the ends of the
micelle. Furthermore, we associate a standard part chemical potential per monomer
PoA(i,) to each monomer of type A in the cylindrical region of the micelle and a
standard part chemical potential per monomer B (i, j) to each monomer of type B
in the cylindrical region of the micelle. Again, if the two surfactant species interact
with each other, ISCA and wLoB will be functions of the relative composition in thecA cB
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cylindrical region of the micelle. Thus, we write
0 Z (4.97)ijioo ":= iO)psA(ZOJo) + (i - o)PIA(i,j) +JoptOB(iojo) (j- o)pcB(ZJ) (4.97)
and the micellization free energy (without the mixing terms from C) becomes
iji~o - I1A - 1B =-ZoA/sAoA(zo,jo) + -- io)AlA(ij) +
joA/sB (io, jo) + (j - jo)AICB(ij) (4.98)
=vllcle rAo,jo) o BA , ' iJ owhere LlA(io j0) = sIA(OjO) - LA cA() = icA(J) - 1 A, AsB(iojo) =
tlsB(zo jo) - i 1°B and AILB(i, j) = gCB(i,j) - iB
Returning now to the idea that the two surfactants we are considering are very
similar, we shall make the simplest possible extension to the ladder model possible.
That is, we shall consider that ApoA, Ags, A/cA, and A/cB are independent of i,
j, io, and jo. In addition, we assume that no = io + jo is a constant, independent of
relative composition.
4.2.4 Size and Composition
Inserting Equation 4.98 into Equation 4.95 gives the micellar distribution in terms
of io, jo, i, J, and the four extended ladder model parameters AgoA, IAoB, A/lA
and A/cB. It will be more convenient, however to express the micellar distribution
in terms size and composition variables instead of io, jo, i, and j, since in the new
variables it will become clear that the distribution is narrow in the composition
variables. Thus, the problem of finding the equilibrium micellar distribution for a
given total solution concentration and relative composition will be greatly simplified.
It will also become clear how to reduce the expressions that will be obtained back
to the single-component case in the limit that the two surfactant species become
identical.
The total aggregation number of a micelle and the total number of monomers in
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the end caps have been previously defined. We had
n = i+j (4.99)
no = io+jo. (4.100)
The relative composition of the micelle is defined as the ratio of the total number
of monomers of type A in the micelle to the total aggregation number of the micelle
a= z . (4.101)
We also define the relative composition in the end caps as the ratio of the total
number of monomers of type A in the end caps to the total number of monomers of
either kind in the end caps
ao = Zo (4.102)
zo + jo
Making these substitutions into the micellar distribution yields
Xnooo = C(n, a, no, ao) (XlAnX1Bn(-O)) e- (A( )(n- no )( ° ))/kBT, (4.103)
where we have defined
A(ao) = no (aoL¾A + ( (1 - ao)AB) (4.104)
and
6(a) = aA/tCA + (1 - a)AIB. (4.105)
We have written the micellar distribution with the three indices n, a and ao. We
have dropped no, because we consider no as a parameter of the model rather than
as a variable of the distribution, as we did for the single-component case. The
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transformation of C into the new variables yields the unappealing expression
no! (n - no)!
C(nan'°')°) (noao)!(no(1 - ao))! (na - noao)!(n(1 - a) - no(l - ao))!'
(4.106)
4.2.5 Simplified Treatment of the Two-Dimensional Lad-
der Model
As a special case, let us consider the limit that (A/olA - A°A) - (AI/B - AoCB) <
kBT, that is, that the difference in micellization free energy to put an amphiphile
of type A in the end-cap as opposed to the cylindrical region is about the same (as
compared to kBT) as the difference in micellization free energy to put an amphiphile
of type B in the end-cap as opposed to the cylindrical region. In this case, the pref-
erence for amphiphiles to exist in the cylindrical region is the same for amphiphiles
of type A and for amphiphiles of type B. We expect, as a result, that for such mi-
celles, the composition in the micellar ends should be the same as the composition
in the micellar body. We prove this statement in Appendix B.
We shall proceed here in the limit that (AIA - ACA) - (Ats - AOB) << kBT
for two reasons. First, since the treatment is much simpler, it will be easier to follow
the essence of the calculations. Second, it will turn out that in the system that we
have studied, this approximation will hold reasonably well. The full treatment
(without making this approximation) is presented in Appendix B.
In the limit that (A - APcA)- (AsB - ACoB) < kBT, we have said that
we expect the composition in the micellar ends to be the same as the composition
in the micellar body. In this case, C(i, i, io, jo) reduces to
C(i,j)= ( (4.107)
or, equivalently C(n, a, no, ao) reduces to
n!C(n, a) = ( n)!((1 - ))' (4.108)(na)!(n(l - a))!'
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and the micellar distribution can be written
Xno = C(n, ) (X1AnaXlBn(- a )) e-{ (a )+(n- no)6(a)}/kBT (4.109)
with A(co) and 6(a) defined above in Equations 4.104 and 4.105. Since a and ao are
equal, we have written the micellar distribution with only two indices: n, the total
number of amphiphiles in the micelle, and a the relative composition of the micelle.
From the form of A(a) and 3(a) we can see that our simplest possible extension of
the single-component ladder model for the energy advantage to form a micelle is just
a linear interpolation in relative composition between the ladder and gap spacings
for the two pure surfactants, as shown in Figure 4-4. We emphasize, once again,
that the sequence of energy differences presented in Figure 4-4 is appropriate to the
case when the amphiphiles within the micelle are similar. Clearly, as the relative
composition, a, approaches 0 or 1, we must recover the ladder and gap spacings for
pure surfactant B and pure surfactant A, respectively. If the interactions between
amphiphiles of type A and amphiphiles of type B within the micelle are sufficiently
different however, then the interpolation between a = 0 and a = 1 need not be
linear.
We return now to Equation 4.109 for the micellar distribution. This equation
can be greatly simplified if we express everything in terms of size and composition
variables and move the combinatorial terms to the exponent. We begin by dealing
with the combinatorial terms. Applying Stirling's formula to C(n,a) (given by
Equation 4.108), the micellar distribution becomes
X1AnX1Bn(1-a) -{ (a)+(n- no) 6(a )+nkBT(o In a+ (1-o )l n(1-a ))}/kBT (4.110)
27ra(1 - a)(4.110)
This equation consists of three important factors. In analogy with the single-
component problem, the first factor, X1A nX1B n( 1- a ) represents the likelihood to
find na amphiphiles of type A and n(1 - a) amphiphiles of type B localized in a
region of space. The second factor is a Boltzmann factor that expresses the free
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n
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no
n0+l
n0+2
n0+3
Energy Advantage
0
Ou
rb4 $sB
noAusB + AucB
noAB +2A, cB
b /sB + 3 cB
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1
Figure 4-4: The sequence of free energy differences A(a) + (n - no)6(a) of the two-
dimensional ladder model. The a dependence of the free energy advantage to form
a micelle is a linear interpolation between the ladder and gap spacings for the two
pure surfactants.
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energy advantage to form a micelle of size n and total composition a from the lo-
calized monomers. As such, we can define the quantity in the exponent in Equation
4.110 as the "free energy of micellization". Denoting the free energy of micellization
AGmi, a notation we will use in Chapter 5, we have
AGmic = A(a) + (n - no)6(a) + n (a na + (1 - a)ln(1 - a)). (4.111)
We note that the term a ln a + (1 - e) ln(1 - a), arising from the combinatorial
term C(n, a), is just the ideal mixing entropy for a binary mixture, as we might
have anticipated. Finally, returning to Equation 4.110, the third factor of interest,
the terms under the square root, give the proper normalization of the distribution.
To continue towards the eventual simplification of Equation 4.109, we now wish
to express everything in Equation 4.110 in terms of size and composition variables.
Thus we define the total mole fraction of free monomers in solution at equilibrium
X1 = X1A + X1B. (4.112)
We also define the relative composition of free monomers in solution at equilibrium
as the ratio of the number of free monomers of type A in solution at equilibrium to
the total number of free monomers in solution at equilibrium
Oa lAX1IA (4.113)
X1A + X1B
We may now eliminate X1A and X1B in terms of X1 and al in Equation 4.110.
Substituting Equations 4.112 and 4.113 into Equation 4.110, we obtain
Xn-x= Xln -{ A(ce) +(n- no)6(oe)+nkBT(cel n a' +(1- c ) ln l la ) }/kBT (4.114)
2irna(1 - a)
If we had been interested only in the free energy of the system, then when we used
Stirling's approximation for the combinatorial term C(n, a), we could have dropped
the terms that give the square root prefactor to the exponent in Equation 4.114. We
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are, however, interested in the micellar distribution function. These terms must be
therefore kept, since they will provide the proper normalization of the distribution.
Following the analysis of the ladder model for single-component systems pre-
sented in Section 4.1.3, it is useful to define the parameter K for the mixed system
as follows
K(a) = e{A( )- no °( )}/ kBT = eAI(a)/kBT (4.115)
because, analogously to the definition for the single-component case, Al,(a)IkBT
measures the difference in energies to put no monomers into the cylindrical part of
an existing micelle or to create a new minimum micelle of size no. If K > 1 then it is
energetically favorable upon increasing concentration to elongate existing micelles.
We also collect together the remaining terms in the exponent of the micellar
distribution, those which are proportional to n. We define
B(ar) = k.(T - a)ln + (1 - a) In (4.116)k{T al I -a ,
which is the free energy per monomer in an infinitely long cylindrical mixed micelle.
In fact, the definition of B includes not just the mixing entropy of the n monomers in
the micelle, but rather the difference between the mixing entropy for the n monomers
in the micelle and the mixing entropy of the n monomers as free monomers in
solution. With these definitions, the micellar distribution can we written in the
much simplified form
Xn Xl n -(a) (4.117)
Clearly if B(a) has a minimum between 0 < a < 1, then Equation 4.117 will
be sharply peaked in a when n > 1. Let us examine whether or not B(a) has a
minimum. As a specific example, Figure 4-5 shows the value of B(ar) as a function
of a for the case when Crl = 0.399 and X = 1.96 x 10-6 , using (a)/kBT =
-12.94 - 0.42a. This particular form for 6(a) is appropriate to the C12E6, C12E8
and water system at T = 40°C. The particular values will be extracted from our
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Figure 4-5: The a dependence of the quantity B(a) for the mixed C12E6, C12E8
and water system with cu = 0.399 and X1 = 1.96 x 10- 6, using (a)/kBT =
-12.94 - 0.42a for T = 40°C (extracted in Chapter 6 for the C12E6 , C12E8 and
water system).
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experimental data in Chapter 6. In any case, it is obvious from the figure that for
this particular choice of X1 , cal and (ca), B(a) has a well defined minimum near
a = 0.5. Since n > no > 1, the micellar distribution will be narrow in a. Figure
4-6 shows the shape of the micellar distribution under the same conditions as Figure
4-5. The form of A/p(a) corresponding to the 6(a) given above (extracted form our
experimental data in Chapter 6) is A#(a)/kBT = 13.29 + 8.49a. As is indicated by
Equation 4.117 we see that for a constant value of a the micellar distribution in n
is a decaying exponential. Also, as we expected, since B(a) has a minimum near
a = 0.5 for our particular choice of al and X 1, the micellar distribution is peaked
in a about a = 0.5. The width of the distribution in a is relatively narrow.
To find the location of the peak of the micellar distribution in composition, let
us examine the first derivative of B,
B'(a) = '(a) + In a -In 1 (4.118)kBT 1- a 1 - a'
Because 6'(a) is a smoothly varying function over the range 0 < a < 1 that is finite
at both of its endpoints, the behavior of B'(a) as a approaches either zero or one is
controlled entirely by the logarithmic terms. When a approaches zero, B'(a) tends
toward -oc, while as a approaches one, B'(a) tends toward +oo. Note, however,
that at both endpoints, the value of B(a) is both finite, and well defined. Since
its slope starts out at a = 0 infinitely negative, and ends up at a = 1 infinitely
positive, B must have a minimum. This minimum naturally occurs at some optimal
composition a*, such that B'(a*) = 0. Setting B'(a*) = 0 in Equation 4.118, we
obtain
In 1 - n * T (a) (4.119)1 -a, 1-a* kBT a
Using the definition of 6(a) (Equation 4.105), we obtain
a1
a1 + (1 - al)e(AIcA-AIBcs)/kBT (4.120)
Note that when AgcA - AB tends to zero, the denominator in Equation 4.120
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Figure 4-6: The micellar size and composition distribution for the mixed C12E6,
C12E8 and water system with oe1 = 0.399, and X1 = 1.96 x 10-6 using (a)/kBT =
-12.94-0.42a and A/(a)/kBT = 13.29 +8.49a for T = 40°C (extracted in Chapter
6). X,,is the concentration in mole fraction units of micelles with a total of n
monomers and relative composition a. The minimum micellar size is no = 135.
126
tends to unity, and Equation 4.120 indicates that a* a. For the particular
example shown in Figures 4-5 and 4-6, we had al = 0.399, X1 = 1.96 x 10-6,
A/IB = -12.94 and A/LA = -13.36. Putting these values into Equation 4.120, we
obtain a* = 0.503.
At this stage, we have the micellar size and composition distribution written in
terms of the total concentration of free monomers in solution at equilibrium and
relative composition of free monomers in solution at equilibrium. We have also
shown that the micellar distribution should be peaked in composition. As was
mentioned in Section 4.2.2, to determine the micellar distribution appropriate for
a given total mole fraction and relative composition of surfactant in solution, we
must use the two expressions that express the conservation of the total number
of monomers of each kind in the solution. These expressions will determine the
equilibrium values of X1 and acl in terms of the total mole fraction of surfactant of
type A, XA, and the total mole fraction of surfactant of type B, XB. We write
00 1
XA = aC1X 1 + E E naXn,, (4.121)
n=no ce=O
00 1
XB = (1 - )Xi + E- E n( - )Xna, (4.122)
n=no a=O
where the sum over a is to be taken over all of the allowed vales of a for a given
n (a = i/n with i an integer running from 0 to n). It will be more convenient,
however, to deal with the equation expressing the conservation of the total num-
ber of monomers in place of Equation 4.122. First, however, we will define total
concentration and composition variables. Let the total mole fraction of both kinds
of surfactant added to the solution be denoted X, and the relative composition of
surfactant in the solution be denoted cs. In terms of XA and XB, we have
X = XA +XB (4.123)
XA
aS = XA- X (4.124)
The + number of monomers in solution is
The expression for the conservation of the total number of monomers in solution is
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just the sum of Equations 4.121 and 4.122
00 1
X = X1 + ZE nXn,. (4.125)
n=no a=O
We also rewrite Equation 4.121 in terms of X and a8 defined above
00 1
XA = asX = a1X1 + E E naX,,. (4.126)
n=no a=O
Since Xno has been expressed solely as a function of X1 and al, Equations 4.125
and 4.126 represent two equations in the two unknowns X1 and al that can be
solved numerically. The fact that the micellar distribution is narrow in a strongly
suggests that in finding X1 and al, we first carry out the summations over a by
expanding the distribution about the optimal composition a* and turning the sum
into an integral.
4.2.6 Expanding About the Optimal Composition
All of the experimentally observed properties of the micellar system can be expressed
as weighted averages of some variable over the micellar distribution. Thus, it is useful
to consider a sum over the micellar distribution of the form
00 1 00 1 f(n,a) X n -n()
I = E f (n, a)Xn: = E Z ( a) nB() (4.127)
n=nO a=0 n=n O -a) K()
where f(n, a) is a smoothly varying function of n and a. We will show in the next
few pages that since the micellar distribution is narrow in a, that the summation
over a can be carried out, giving
00
I = f(n, a*)Xn, (4.128)
n=no
with
-n =X 1 e-B() ) (4.129)
-K(a*)
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where a* is the optimal composition, as defined in the previous section. After
showing this, we shall use these results to express the mass conservation equations
(Equations 4.125 and 4.126 in forms analogous to the single mass conservation re-
lation for the single-component case. We will, in the following sections examine
the micellar distribution in the dilute regime and in the limit of strong micellar
growth. In particular, we shall investigate how the optimal micellar composition,
a*, is related to the initial solution composition, as.
We return now to the task at hand, which is to obtain Equation 4.128 from
Equation 4.127. Let us examine Equation 4.127. To fully understand the meaning
of the sum over a, we recall that the total size and composition variables were
defined in Section 4.2.4 in terms of i, and j, the total number of monomers of type
A in the micelle and the total number of monomers of type B in the micelle. The
sum over the distribution should really be written
0E 00 ff(na) Xi ne-nB(). (4.130)
i=o0 j27rna( a) ()
with
k no - i for i < no (4.131)
0 for i > no
and recalling that n = i + j and a = i/(i + j). Because the minimum micellar size
no > 1, the allowed values of a and n are closely spaced. In terms of i and j, we
say that one of the two will always be large, meaning that the micellar distribution
can be considered reasonably smooth with respect to a unit change in either i or
j. That is, it is a reasonable approximation to replace the sums over i and j by
integrals
di J dj f(n, a) Xl e-nB() (4.132)
O k d2irna(l - a ) K(a)4.u
with k defined as above. Now we wish to change variables back to n and a. Our
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expression for the sum over the distribution becomes
00dnl dJ(n, ) f (n, c) Xln e-nB(c)
n 0 0 /2~rna(1 - a) K(a)
where J(n, a) is the Jacobian of the transformation
J(n,a) =
Di
oi
Oa
vi
An
an
n
-n
(4.133)
(4.134)
a
= n.1-a
Since n is large, we can expand the exponent in Equation 4.133 about the mini-
mum value of B, which we have previously shown to be B(a*). We obtain
no
nJ k"t, t ) AZl1 -nB(ot*)
/27rna*(1 - a*) K((a*)
I 0 2B*)
-00
(4.135)
where ~ = a - a*, and, because of the prefactor n appearing in the exponent, the
limits of the integration over can be safely extended to infinity.
integral is easily evaluated. giving the result
fodn f(n,a*) 2r X1 e-nB(ct*)
no /2rna*(1 - a*) nB"(a*) K(a*)
Simplifying this slightly yields
Io00
no
This Gaussian
(4.136)
y n
(4.137)Idn J 1, A'l e-nB(e*)
/B"(a*)a*(l - a*) K(a*)
which can be expressed once more as a sum over n if desired
f(n, a)Xn =
not
(4.138)f(n,a*) X1 n -nB(o*)
n=nO B"(a*)a*(l -a*) K(c*)
Using Equation 4.116 for B, it is easy to show that
6" (a*)
Bll(a*) =
kcBT
1
a*(1 - a*)'
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(4.139)
f(- { * A
r - * 'X
Equation 4.105 for 6(a) implies that for our simple two-dimensional ladder model
that "(a*) = 0. Thus, our integration over a yields the extremely simple result
that
00 Xn -nB( 0*)Ef (na)Xn, = f(n, a*) enB(a*) e= f(n, a*)Xn (4.140)
nce no =0 (*) n=n
with
Xln nB(a*)
X, = enB(a*). (4.141)
By performing the sum over a, we have obtained a renormalized micellar size dis-
tribution X, that depends only on the optimal micellar composition. If we compare
the form of Xn to the single-component micellar size distribution (Equation 4.42),
we find that the two are identical. The single-component parameter 6 is replaced in
the renormalized mixed distribution by B(a*), which is the generalized parameter
6(a*) corrected by accounting for the ideal mixing entropy of the two-component
system. By this procedure, we have reduced the two-component problem to an
equivalent single-component problem.
Returning now to the problem of solving for the concentration and composition
of free monomers in solution at equilibrium, it is clear how to proceed. Performing
the summations over a in Equations 4.125 and 4.126 gives us
00
X = X=X + nX n (4.142)
n=no
and
00oo
aX = alX1 + a* Ej nX (4.143)
n=no
with
1
Xn =K(a *)n (4.144)
where we have defined A similarly to the definition for single- component systems
in Section 4.1.3:
A = Xie-B( a*). (4.145)
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Now we see that the sums over n that we are left to calculate are exactly the same
as in Section 4.1.3. Performing them gives
1 ,%A }o _41 
X = X + K(a)An(noA) + (1- A)2 (4.146)
and
1 no no A 
aX = c1X + C* () A (1-A) + (1 - A)2 } (4.147)
Equation 4.146 is identical with Equation 4.44 for the single- component case. This
is the reason we chose Equation 4.125 for the conservation of the total number of sur-
factant monomers in the system as opposed to Equation 4.122 for the conservation
of the total number of surfactant monomers of type B in the system. Remember,
however, that since B and a* depend on al, therefore A is a function of both X1
and al. As in the single component case, however, in order for the sums over n to
converge, A < 1, indicating here that X1 is always less than eB(a*)
Equations 4.146 and 4.147 can be solved numerically for X1 and ae given X
and a,. Thus, the problem is in principle solved. Furthermore, we can use the
micellar distribution to calculate any experimentally observable quantity, as before.
We now proceed as we did in the single-component case by considering the micellar
distribution in the dilute regime and in the regime of strong micellar growth. We
expect similar results.
4.2.7 The Dilute Regime
As in Section 4.1.4, we wish to show that Equations 4.146 and 4.147 together imply
a transition in concentration during which the number of micelles increases sharply.
We note that Equation 4.146 has exactly the same form as Equation 4.44, and so
the analysis presented there should also be applicable here.
Because of the factor Ano appearing in Equation 4.146, we see that when A is
not close to unity, the second and third terms on the right hand side of Equation
4.146 and Equation 4.147 are very small. In this case, Equation 4.146 tells us that
X = X1 , Equation 4.147 tells us that el = a,, and it is clear that no micelles are
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present in the solution.
As the total concentration, X, is increased, the value of X1 (and thus A) in-
creases. As A approaches unity, the value of Ano increases sharply and the second
and third terms on the right hand side of Equations 4.146 and 4.147 can not be
neglected. Remembering that these two terms come from the summation over the
micellar distribution, we note that together, in Equation 4.146, the second and
third terms on the right hand side should be proportional to the total number of
monomers in the solution that exist in micellar form. The critical micellar concen-
tration, therefore, lies in the vicinity of the concentration region where the second
and third terms on the right hand side of Equation 4.146 first become comparable
to the magnitude of X1.
If K(a*) > 1, then when X approaches eB(*), Xi becomes comparable to eB( *),
meaning that the value of A approaches 1 and we can no longer neglect the second
and third terms on the right hand side of Equation 4.146. In fact, as we increase
the concentration further, X1 can increase only very little, since its maximum value
is eB( *), as we saw in the previous section. If the value of X1 exceeds eB ( *), then
A > 1, and the summation over the micellar distribution resulting in Equations
4.146 and 4.147 do not converge. Therefore, most of the increase in X at the stage
where X is about eB (" *) is reflected as an increase in the second and third terms
of Equation 4.146, and so we expect the critical micellar concentration to lie in the
vicinity of X = eB(a*)
On the other hand, if K(a*) < 1, then the second and the third terms on the
right hand side of Equation 4.146 become significant before X reaches eB ( *). In
this case, it is convenient to recall the definition of K(a) (Equation 4.115) and the
definition of B(a) (Equation 4.116) If we define a quantity D(a), such that
A~cra )u 1 - axD(a) = A) +aln +(1 - a) In (4.148)
nrOkBT a1 1 - a1
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then we may rewrite Equation 4.146
x = X, (D( ) {(1 -) (1-A)2 (4.149)
We see that when X approaches the quantity eD(a*), X1 becomes comparable to
eD(a*), meaning that the second and third terms on the right hand side of Equation
4.149 begin to increase sharply and can no longer be neglected. We therefore expect
the critical micellar concentration to lie in the vicinity of X = eD(,*). Furthermore,
we note that the condition that K(a*) < 1 implies that eD(a) < eB( ' ) . Therefore,
from the definition of A (Equation 4.145), we see that when the second and third
terms on the right hand side of Equation 4.149 become significant, that A is not
necessarily very close to unity in the sense that Ano is still small compared to unity.
We will see in the next section that this implies that for K(ac*) < 1 we cannot
physically realize the limit of strong micellar growth.
4.2.8 The Limit of Strong Micellar Growth
As in the single component case, by strong micellar growth, it is meant that there
are significant numbers of micelles with n > no, or equivalently, the levels in the
micellar distribution Xn in Equation 4.141 for n > no must be significantly occupied.
This implies that A is close to unity. Let us then define
A= 1-- (4.150)
no
where << 1. For almost all practical cases, the limit of strong micellar growth will
also correspond to the limit X > eB(a*), that is, the total concentration is far above
the critical micellar concentration. We will first examine the limit of strong micellar
growth when the total concentration is far above the critical micellar concentration.
We shall then consider the conditions for which strong micellar growth can occur
even close to the critical micellar concentration.
For total concentrations far above the critical micellar concentration, 4.146 gives,
134
to leading order in E
1 no 2
X = e( *) + 1 K(*) 2 (4.151)
In the above equation, we could replace X1 with eB(a*) since X > eB(*) and the
correction introduced by considering X1 as different from eB(a*) is of the next order
in . Equation 4.151 implies that
K(a*)[X- eB(a*)] > no2. (4.152)
With Equation 4.151 as an estimate of /no, Equation 4.150 becomes
1
A 1 1 (4.153)
and using Equation 4.153 in Equation 4.141 (also recalling the definition of A), the
micellar distribution can be rewritten
1 -n/{k(a)[X-eB()]/2 (4.154)
(4.154)
Thus, we see that in the limit of strong micellar growth, the micellar distribution is
an exponential, whose width increases as {K(oa*)[X- eB(*)]}1/ 2
As we mentioned in the previous section, in order to physically realize the limit of
strong micellar growth as presented above, we must have that K(a*) > 1. This can
be shown by examination of Equation 4.152. We note first that by definition, X < 1,
since X = 1 corresponds to the case of pure surfactant. In addition, the quantity
eB( *) should be small compared to unity, since in general B(a*) is a negative number
indicating the stability of cylindrical micelles relative to free monomers. Therefore,
on the left hand side of Equation 4.152 K(a*) multiplies a quantity that can be at
most of the order of unity, and which is in all practical cases is small compared to
unity. However, we are told by Equation 4.152 that in order to realize the limit of
strong micellar growth, the quantity K(a*)[X - eB( *)] should be much greater than
no2. We know that for a micellar system, no should be large compared with unity.
We therefore cannot realize the limit of strong micellar growth unless K(a*) > 1,
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since unless K(a*) > 1, we have no way to satisfy Equation 4.152.
We now wish to investigate the conditions for which strong micellar growth can
occur for concentrations near to the critical micellar concentration. From Equation
4.154, we see that at a fixed total concentration that as K(a*) is increased, the
micellar distribution becomes broader. Equivalently, if we consider a fixed width of
the micellar distribution, increasing K(aC*) will decrease the total concentration X
for which that distribution occurs. We therefore wish to estimate the magnitude of
K(ac*) required to have large growth at low concentration. Let us consider the case
when X = eB(O*) and A is close to 1 as in Equation 4.150. As we have previously
done, we expand the first mass conservation relation (Equation 4.146) to leading
order in . However, since X is no longer large compared to eB(*), we cannot also
replace X1 with e(a* ) . Instead of Equation 4.151, we have
1 no 2
X = X + () (4.155)
Using the definition of A and substituting X = eB(*), we get
eB( *) = eB(c*) 1 + + K(*) no2 (4.156)
which tells us that to leading order in ,
K('*)e B(e *)_ nO3 (4.157)
Recalling that the quantity eB(c*)/kBT is of the same order as the critical micellar
concentration, Equation 4.157 implies that if K(a*) > no3 /XcMc, where XCMC is
the critical micellar concentration, then even near the critical micellar concentration
there is considerable micellar growth. If, on the other hand, it turns out that
K(a*) < no3/XCMC, then near the critical micellar concentration the solution exists
as a relatively monodisperse (in n) distribution of nearly minimum-sized micelles.
We now investigate which limit applies to our experimental system.
Recalling the results of Section 4.1.5, we had for pure C12E6 at 500 C, that K -
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5 x 1010 and no 3/XcMC 1.4 x 1012. For pure C12E8, whose critical micellar
concentration is of the same order as that of C1 2E6, the corresponding value of K
is several orders of magnitude lower: K 6 x 105. Thus, for any mixture of C12E 6
and C12E8, we can be confident that K(a*) < no3/XcMc, implying that near
the critical micellar concentration the solution exists as a relatively monodisperse
solution of nearly minimum-sized micelles. In the regions that show appreciable
micellar growth, we can be sure that X > eB (a*). As a result of this, we can
simplify the expression for the micellar distribution even further, since we can neglect
eB( *) as compared with X in Equations 4.152- 4.154. For the renormalized micellar
distribution, we have
1 -n/[K(o*)X]l/2 (4.158)
We now know the form of the micellar distribution in the limit of strong micellar
growth, but we have not yet said anything of the value of the optimal composition
in the same limit. In order to do so, we must deal with the second conservation
equation (Equation 4.147). We can remove most of the dependence on A from this
equation by substituting in Equation 4.146. The result is
aX = alX1 + a*(X - X1). (4.159)
Rearranging, we write this
a* - a, = X(a - a1) (4.160)
In the limit of strong micellar growth, we can replace X1 with eB(" *), giving
eB(c*)
a* - a X (- al). (4.161)
In the limit K(a*) > no3/XcMc, corresponding to the case of micellar growth
at low concentration, there is no further simplification that can be made. In this
case, eB(a*) is of the same order as X, and it is possible that a* can be quite different
from cs, as long as al is likewise shifted from a* so as to satisfy Equation 4.161. In
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fact, in order for a* to be close to as in the limit that K(a*) > no3/XcMc, we must
have that Oa1 is close to a*, which implies that AcA - A/1CB is small (see Equation
4.120).
On the other hand, consider the limit K(a*) < no3 /XcMc, corresponding to
the case where strong micellar growth begins at mole fractions well above eB(a*). As
explained above, this limit corresponds to the experiments performed in this thesis.
In this case, it is clear that the right hand side of Equation 4.161 is a small quantity.
This implies that a* should be very close to as, which we expect physically. Since
X1 < X, most of the material in the system exists as micelles. Any difference
in c* from a, must be compensated by a shift in the free monomer composition.
Since the free monomer concentration is so low, as compared to the concentration
of monomers in the micelles, the allowable change in a* from a, must be very small.
We define the small parameter
y = a* - as (4.162)
and note that as a first approximation
eB(ea)
Y [a, - al(as)] (4.163)
where, since -y is small, we have replaced a* with a, in Equation 4.161 and fur-
thermore we have indicated that Equation 4.120 should be used to calculate a 1(as).
Performing this step gives
eB(a) a,(1 -ea) _(cA- B) (4164)
Y X +( -( A - IO )/kBT cA cB ). (4.164)
Xas + (1 -s)e-( cA )cB/
0 0 kWe see that if AiucOA - AlB tends to zero, then 1 -e-(ACOA- cB)/kT tends to
zero, and likewise, -y also tends to zero, meaning that a* tends to as. Physically,
this is expected, since if AICA - ACB tends to zero, then there is no preference for
surfactant A or surfactant B to exist in any particular environment and we expect
that a, = al = a*. If ApA - AoCB becomes large and positive, then y tends to
(1 - as)eB("a)/X, whereas if ApIoA - AlCB becomes large and negative, then y tends
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to -aseB(,s)/X. In both cases, is small, since eB (as) is much smaller than X in
the limit of strong micellar growth.
In the mixed system, the weight-averaged aggregation number is defined by
00 1 00 1
n = n2Xc/ u E nX~. (4.165)
n=no =O ' n=no =O
After performing the summations over a according to the procedure described in
Section 4.2.6, we obtain
00 00
nu, = Z n2Xn/ nXn. (4.166)
Since the form of Equation 4.166 is the same as that of Equation 4.56 for the
single-component case, and X has the same form as the single- component micellar
distribution, we expect the same results for the weight-averaged aggregation number.
That is, after inserting the renormalized micellar distribution and taking the limit
of strong micellar growth, the weight-averaged aggregation number may be written
n i- no + 2 K(a*)X. (4.167)
It should be noted here that others [34] have stated that in the same limit (strong
micellar growth), the weight averaged aggregation number for a mixture containing
two surfactants and water should scale like X0 4 rather than X0° 5. They argue (cor-
rectly) that in the case of mixed micelles, the width of the composition distribution
(fluctuations about the optimal composition) should be properly considered, and
that this width is (as we also found) proportional to x/, where n is the total aggre-
gation number of the micelles. However, they begin their analysis by writing down a
free energy of micellization and neglecting the terms there that depend logarithmi-
cally on n. As a result, their expression for the micellar distribution is not properly
normalized, and when they integrate over the composition distribution, they have
an extra factor of V/ which is responsible for the difference in the exponents. In
fact, if we generalize their analysis to a system with k different surfactant species,
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they predict that the weight-averaged aggregation number should scale like X2/(3+k).
This is physically unreasonable when we consider that a "pure" surfactant solution
in reality contains a mixture of surfactant molecules with a large number of different
isotopic substitutions.
4.2.9 Moments of the Micellar Distribution
In this section, we show that our general form for the micellar distribution implies
that all moments (in n) of the distribution can be written in terms of the first and
second moments (in n). By the kth moment of the distribution, we mean
oo00
Mk = A, nkXna = X1 + E nkX,. (4.168)
n,ce n=no
In particular, the first moment
00
M1 = X1 + E nX = X (4.169)
n=no
is just the total mole fraction of surfactant in the system. The renormalized micellar
distribution Xn is given by Equation 4.144
1
=(a ) (4.170)
with A = Xle - B ( *). Therefore, we may rewrite the kth moment of the distribution
1 °°
M = AeB(*) + nkAn (4.171)
Differentiating with respect to A and multiplying the resulting expression by A, we
obtain
dMk = AeB(.*) + E nk+lAn Mk+l, (4.172)
dA n=no
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which relates the kth moment to the (k + )th, through A. Thus, we can write
Mk+ dMk dMk A
Mj+l dA dMj
by the chain rule. For the particular case of j = 1, we have
Mk+l dMk
M2 dX '
which suggests that we define the operator
d
o = M2d--dX
Thus, all of the moments of the distribution with k > 2 can be found by repeated
operation on M2 with O:
Mk = ek-2M 2. (4.177)
The zeroth moment we must treat separately. Using Equation 4.173, we see that
dMo
dX
X
M2'
(4.178)
and furthermore, we note that when X = 0, Mo = 0. Therefore, we can integrate
Equation 4.178, giving
.
X It ~ Mo =f -x x'.JoM2 (4.179)
Thus, all of the moments (in n) of the distribution may be expressed in terms of the
first moment, X, and the second moment, M2.
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dMk
dMj (4.173)
(4.174)
so that
(4.175)
Mk+ = Mk. (4.176)
Chapter 5
A Model Gibbs Free Energy for
Mixed Micellar Solutions
In the previous chapter, we discussed the self-assembly and the growth of mixed
surfactant micelles as an extension of the well-known ladder model [10] in the limit
that intermicellar interactions are weak. We know that in many systems, however,
these interactions can become strong enough under the right conditions to induce a
phase transition in which the solution spontaneously separates into two coexisting
isotropic phases that differ in total amphiphile concentration (and/or composition).
Previous work on single-component micellar systems [11, 14, 12] has investigated
such a phase transition and its effect on the micellar size distribution in terms of
a particular model for the Gibbs free energy of the micellar system. This model
accounts for the interactions between micelles at the level of a mean-field approxi-
mation, by considering only pairwise interactions between the monomers in different
micelles. Puvvada and Blankschtein [16] have extended this Gibbs free energy model
to the case of mixtures with regards to their molecular-thermodynamic model of
micellization. We are interested in incorporating our two-dimensional ladder model
into the thermodynamic framework of the generalized Blankschtein, Thurston and
Benedek Gibbs free energy model, because from the resulting form of the Gibbs
free energy we may calculate the total osmotic compressibility of the mixed micellar
solution, taking into account the interactions between micelles. Furthermore, we
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may calculate the contribution to the total osmotic compressibility from micelles
of total aggregation number n, which we will see in Chapter 6 can be taken as the
thermodynamic driving force for the diffusion of n-mers. We will use the calculation
of the osmotic compressibility of the n-mers to provide a correction to the calcula-
tion of the average diffusivity of our micellar system when the interactions between
micelles become important.
We shall also be interested in examining the molecular-thermodynamic model of
Puvvada and Blankschtein. Their model provides a numerical procedure for com-
puting the magnitude of the free energy to form a micelle. We shall investigate how
this procedure can be used to estimate the magnitudes of the four parameters of the
two-dimensional ladder model, so that in Chapter 6 we may compare the predictions
of the model of Puvvada and Blankschtein to the two-dimensional ladder model pa-
rameters that we shall extract from the experimental data that was presented in
Chapter 3.
In Section 5.1, we present the essentials of the Blankschtein, Thurston and
Benedek Gibbs free energy model and the generalization to the case of mixtures
as worked out by Puvvada and Blankschtein. We then indicate how the two-
dimensional ladder model presented in Chapter 4 is to be incorporated into the
thermodynamic framework of the generalized Gibbs free energy model. We find
that by considering a mean-field approximation, including only pairwise interactions
between the monomers in different micelles, the equilibrium micellar distribution is
identical to the equilibrium micellar distribution we found for the case of weak inter-
actions in Chapter 4. In Section 5.2 we examine the the osmotic pressure and total
osmotic compressibility of the micellar system predicted by the Gibbs free energy
model. We then calculate the contribution to the total osmotic compressibility from
micelles of total aggregation number n and show that our result is reasonable.
In Section 5.3, we briefly describe the model of Puvvada and Blankschtein. In
this section, we also indicate the means by which the four physically meaningful
parameters of the two-dimensional ladder model may be obtained from the numerical
procedure of Puvvada and Blankschtein, for the reasons mentioned above.
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5.1 The Gibbs Free Energy
For the single component case, we consider a solution of Ns amphiphiles and Nw
water molecules in equilibrium at temperature T and pressure P. If the concen-
tration of amphiphiles is greater than the critical micellar concentration, then the
amphiphiles self assemble into a distribution {N,) of micellar sizes, where Nn is the
number of micelles containing n amphiphiles.
As in Chapter 4, for the mixed case let us concentrate on the specific example
of two surfactant species and water. We consider, then a solution containing Nw
molecules of water, NA molecules of surfactant species A, and NB molecules of
surfactant species B in equilibrium at temperature T and pressure P. Assuming
that the total concentration of surfactant in the solution is greater than the critical
micellar concentration for the mixture, then there will also be a distribution of
micelles, which, for linear micelles like those treated in the previous chapter, we
shall denote {N,,). Here, N,, is the number of micelles in the solution with a total
of n monomers, and relative composition a.
In both the single component case and the mixed case, the Gibbs free energy of
the system is modeled as the sum of three additive parts:
G = Gf + Gm + Gint (5.1)
where Gf is called the free energy of formation, Gm is called the free energy of mixing,
and Gint is called the free energy of interaction. In this way we separate conceptually
the factors responsible for micelle formation and growth, and the factors responsible
for phase behavior and phase equilibria.
In the single component case, the free energy of formation, Gf, was modeled by
Blankschtein, Thurston and Benedek [11, 14, 12] as
Gf = Nww + E Nu (5.2)
n
where Po(T,P) is the change in the free energy of the solution when a water
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molecule is added to pure water, and L°(T,P) is the free energy change of the
solution when a single micelle of size n is added to pure water. Gf summarizes
the many physical factors responsible for micelle formation and growth, including
the hydrophobic effect, hydrogen bonding, electrostatic, steric and van der Waals
interactions, as well as contributions to the free energy arising from the packing
of the hydrophobic tails in the micellar core. The contributions to the formation
free energy from these factors are considered for a dilute solution in the absence of
intermicellar interactions, as is evident from the definitions of /o and o.
The generalization of Equation 5.2 appropriate to the case of our two-component
mixture is
G = N w pO + Z Nncla, (5.3)
n,a
where t (T, P) represents the change in the free energy of the solution when a
water molecule is added to pure water, and no, represents the free energy change
of the solution when a single micelle of total aggregation number n and relative
composition a is added to pure water. Since the micelle is already formed when it
is added to the pure water, ,0o includes implicitly inside of it the mixing entropy
of the na amphiphiles of type A and the n(1 - a) amphiphiles of type B contained
in the micelle.
Puvvada and Blankschtein [16] model Gf as
Gf = Nwpow + NAI11A + NBIs1lB + E NneAGmic(n, a), (5.4)
where w (T, P), 1A(T, P), and p1B(T, P) are the standard-state chemical poten-
tials of water, monomers of type A, and monomers of type B referred to infinite
dilution in water. That is, Pow(T, P) is the free energy change of the solution when
a water molecule is added to pure water, g4 A is the free energy change of the so-
lution when a single monomer of type A is added to pure water, and t1°B is the
free energy change when a single monomer of type B is added to pure water. Com-
paring Equation 5.4 to Equation 5.3 and recalling that NA = En,o naNno, and
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NB = En,c n(1 - a)Nn,,, we identify
AGmi =o - na#OA -n(1 - a)p. (5.5)
That is, the quantity AGmic(n, a, T, P) is the free energy of micellization for a
micelle of total size n, and relative composition a. It represents the change in the
free energy of the system when na monomers of type A and n(l - a) monomers
of type B are transferred from pure water into the micelle. We remember that the
definition of pc implicitly contains the mixing entropy of the amphiphiles inside
the micelle. In Chapter 4, we recall that we also defined the quantity /XGmic in
a conceptually identical manner with the above definition. We had (see Equation
4.111)
AGmic = A(a) + (n - no)6(o) + n (alna + (1-o) ln(l - a)), (5.6)
where the definitions of the quantities A(a) and 6(a) are to be found in Chapter 4.
The third term in Equation 5.6 is the mixing entropy of the amphiphiles within the
micelle. It arises from the combinatoric factor that counts the number of distinct
ways in which the na amphiphiles of type A and the n(l - a) amphiphiles of
type B can be arranged within the micelle, and is discussed in detail in Chapter
4. In addition, this combinatoric factor makes contributions to AGmic that are
logarithmic in n. These terms are small compared to terms linear in n and are
therefore unimportant as far as the Gibbs free energy is concerned. These terms
have been dropped here; however, they provide the proper normalization of the
micellar distribution, as discussed in Chapter 4.
The free energy of mixing, G, refers to the mixing of the water molecules,
formed micelles, and free monomers in solution with each other. As seen above, the
mixing entropy of the monomers within the micelles is considered as part of the free
energy of formation, Gf. In the single component case, Blankschtein, Thurston and
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Benedek [11, 14, 12] model Gm as
Gm = kBT [Nw lnXw + Z:Nnln ] (5.7)
n
where Xw = Nw/(Nw + Ns), X = NI(Nw + Ns), and kB is the Boltzmann
constant. The quantity -Gm/T is the mixing entropy of the water molecules, formed
micelles, and free monomers in solution. -G,/T is physically reasonable since it is
an entropic contribution to the total Gibbs free energy of the solution that reflects
the number of ways that the water molecules, free monomers, and micelles can be
positioned in the solution as a function of the relative proportions of each of these
entities. The relative proportions are represented by the mole fractions Xw and
{Xn}. We should note that Equation 5.7 differs slightly from the expression given
in the treatment of Blankschtein, Thurston and Benedek [11, 14, 12] in that we
have included in the model for Gm a factor of e under the logarithm of Xn (the
physical reasons for this are explained in Appendix C). We have included the factor
of e in order that we may avoid a redefinition of the standard part of the chemical
potential, ° , as was made in reference [12].
The proper generalization of Equation 5.7 to the case of a two component mixture
is [16]
m = kBT Nw lnXw + Nn, In ] (5.8)
na e
where Xw = Nw/(Nw + NA + NB) is the mole fraction of water in the solution, and
X,, = N,,I/(Nw + NA + NB) is the mole fraction of micelles with n monomers and
relative composition a, as defined in Chapter 4. The expression above again differs
slightly from the form given in the work of Puvvada and Blankschtein [16], because
of the factor of e. The reasons for including e here are the same as in the single
component case. It should be noted that the sum in Equation 5.8 includes implicitly
the cases of n = 1 with a = 0 or a = 1, corresponding to the free monomers in
solution. Once these terms have been separated out, the remainder of the sum
should be treated in the same manner as the sums over n and a of the micellar
distribution that appeared in Chapter 4.
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The free energy of interaction, Gint, is responsible for driving the phase separa-
tion of the solution. The form of Gint must therefore reflect the interactions between
mixed micelles, free monomers in solution, and water. Because these interactions are
too complicated to consider exactly in most physical systems, a simplified, mean-field
model will be used to describe them. In the single component case, Blankschtein,
Thurston and Benedek write [11, 14, 12]
1
Gint = -- CNs, (5.9)
2
where is the total volume fraction of amphiphiles in the solution. Physically,
Equation 5.9 may be interpreted as follows. Each amphiphile in the solution (of
which there are Ns) interacts with an average effective potential that is caused
by effective intermicellar amphiphile-amphiphile interactions. The magnitude of
this potential is proportional to the total volume fraction of all of the other
amphiphiles, indicating that the pairwise interaction between amphiphiles has been
averaged over all possible positions of the amphiphiles. The parameter C(T,P)
measures the strength of the average effective potential.
The generalization of Gint appropriate to the case of a two-component mixture
of surfactants is given by Puvvada and Blankschtein [16]. They write
1Gint = Ceff(a,)(NA + NB) (5.10)
where is the total volume fraction of surfactant, a, is the relative composition of
the solution, and C,f is an effective mean field interaction parameter measuring the
strength of the interaction in the mixture that depends on three phenomenological
parameters, CAW, CBW, and CAB [16]:
Ceff,(c,) = CAwa, + CBW(1 - a) - ( ) CAB s(1 - a,). (5.11)
In Equation 5.11, yA = A/fW is the ratio of the molecular volumes of surfactant A
and water, 7B = QB/fw is the ratio of the molecular volumes of surfactant B and
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water, while 7yeff = aA +(1- cas)7B. The two parameters CAW and CBW represent
the mean-field interaction potentials (as defined in the single component case) for
pure surfactant A and pure surfactant B. As explained in reference [16], the pa-
rameter CAW measures the difference between the mean-field interaction potential
between water and surfactant A and the water-water and A-A interaction poten-
tials. Likewise, the parameter CBW measures the difference between the mean-field
interaction potential between water and surfactant B and the water-water and B-B
interaction potentials. The parameter CAB measures specific interactions between
amphiphiles of type A and type B that are not present between two amphiphiles of
type A or two amphiphiles of type B. As explained in reference [16], for a mixture
of nonionic surfactants, which interact with each other primarily by van der Waals
forces, CAB M 0, indicating that the mixture is nearly ideal.
The equilibrium micellar distribution can be calculated using the Gibbs free
energy model we have described above. In the single component case, the chemical
potential for each micellar species, ,n, can be found by differentiating the Gibbs
free energy with respect to Ns. The equilibrium micellar distribution is found by
enforcing the condition that the chemical potential of an amphiphile should be the
same everywhere in the solution. In Chapter 4, we saw that this condition implies
that /, = n,ul where l is the chemical potential of a free amphiphile in solution.
The result of performing these steps on the Gibbs free energy model of Blankschtein,
Thurston and Benedek is that the equilibrium micellar distribution can be written
[12]
X = Xln e- ( n-nl °)/kBT (5.12)
where X1 is the mole fraction of free monomers in solution at equilibrium, g~o is
the standard part of the chemical potential of a micelle of total aggregation number
n, and ; o is the standard part of the chemical potential of a free monomer. This
expression is identical to Equation 4.34 from Chapter 4, which gives the equilibrium
micellar distribution in the limit that interactions between micelles can be neglected.
That is, the particular form of the mean field interaction that has been included in
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the Gibbs free energy model of Blankschtein, Thurston and Benedek leaves the
micellar distribution unchanged from the case of no interactions. This occurrence is
no accident. It follows directly from the fact that the model for the interaction free
energy, Gi,t, contains no dependence on the micellar distribution.
The same method that was used to calculate the equilibrium micellar distribution
in the single component case can be applied to the Gibbs free energy model for the
mixed case [16]. We find [16]
Xno - XX1A XlB)e-Gmic(nc)/kT (5.13)
where X1A and X1B are the mole fractions of free monomers of type A and type B in
solution at equilibrium. Also, we have that AGmic(n, a) is given by Equation 5.6 for
the generalized ladder model. The proper normalization of the micellar distribution
above is contained in terms logarithmic in n included in AGmic which were neglected
in Equation 5.6. These terms originate from the combinatoric term that expresses
the number of distinct ways that the nca amphiphiles of type A and the n(1 - a)
amphiphiles of type B can be assembled into a mixed micelle, as explained in Section
4.2.5. Putting in the proper normalization, the micellar distribution becomes
Xn 1A 1B -AGm (nc)l/kT (5.14)
Defining X1 and al as in Chapter 4 (see Equations 4.112 and 4.113) and explicitly
writing AGmic(n, a), we see that the micellar distribution,
Xn = Xln e-{A(a )+(n-no)6(a)+nkT (c ln +(1-o)ln - ) }/kT (5.15)
/27rna(1 - a)
is identical to Equation 4.114 for the micellar distribution in the case of weakly in-
teracting micelles. Since the interaction free energy, Gint, in the mixed case contains
no dependence on the micellar distribution just as in the single component case, we
expected that these interactions would leave the micellar distribution unchanged
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from the noninteracting case.
5.2 The Osmotic Pressure and Osmotic Com-
pressibility
In addition to computing the properties of the micellar distribution, we may also use
the Gibbs free energy model to obtain useful expressions for the osmotic pressure
and the osmotic compressibility of the mixed system. The osmotic pressure, r, is
related to the chemical potential of water, ,uw, by the simple relation [12]
QW7r = y - w (5.16)
In the single component case, the Blankschtein, Thurston and Benedek Gibbs free
energy model gives
Qwr = -ksT [ln(1 - X) + X - Xn - C (5.17)
The generalization appropriate to the case of two component mixtures has been
calculated by Puvvada and Blankschtein [16]
Qw=7r -kBT [ln(1 - X) + X - XnC,Y] - Cf (5.18)
We note that the only difference between the single component case and the mixed
case is that in the mixed case, the sum is over both the micellar sizes and composi-
tions, and that C and y are replaced by the quantities Cff and Yeff.
The osmotic compressibility can be found in either the single component case or
the mixed case by differentiating with respect to X (recalling that can be expressed
as a function of X as we noted above) and inverting. In the single component case,
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Blankschtein, Thurston and Benedek [12] obtain
ax kBT [ -X + a EXnk (1 + ( - 1)X)3
In the mixed case, Puvvada and Blankschtein obtain [16]
A- QW _X_ a X _ Cefaf effX
iX) IBT L AX_ + 0 no kBT (1 + (f - 1)X)3 (5.20)
We can simplify these expressions slightly by recalling that the moments (in n) of
the micellar distribution are related to each other. For the mixed case, we showed
in Section 4.2.9, that
aMo X (5.21)
ax M2'
where, of course, the zeroth moment of the distribution is Mo = E,, X,,. Making
this substitution, the osmotic compressibility becomes
' Q Fw X X Ceff 'effX
-X kkT (1 + (Yeff - 1)X (5.22)
Blankschtein, Thurston and Benedek obtain a similar result in the single component
case, namely that
(0>1 w [- i -X + -_CT( y + 1.)X)3V (5.23)
-x - kBT I1-X M2 kBT(1 + (7-1)X)3
Again, we note that the only difference between the single component expression
and the two component expression is that C and y have been replaced with Ceff
and %ff
In Chapter 6, we will be interested in the contributions to the total osmotic com-
pressibility arising from micelles of different total aggregation numbers, n, because,
as we mentioned previously, these contributions can be taken as the thermodynamic
driving force for the diffusion of n-mers. We will use the calculation of the osmotic
compressibility of the n-mers to provide a correction to the calculation of the aver-
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age diffusivity of our micellar system when the interactions between micelles become
important. In the single component case, what we are interested in is (7r/6Xn) - 1.
Recalling that
oo
X = X1 + E nXn, (5.24)
n=no
then differentiating Equation 5.17 by Xn gives us
( ksg T ) w 1 + n [X _C rX 3 * (5.25)(&)1 kB { I -X kBT (1 + (y - 1)X) 3
In the simple case of extremely dilute solute, we may neglect Gint and Gm. In this
case, we have
( aXkBT (5.26)
or,
rn= cn kBT (5.27)
which is the Van't Hoff law for the partial osmotic pressure of n-mers. We see
that our expression for ('r/OX) - is physically reasonable, since in the limit of no
interactions it reduces to a sensible result.
In the mixed case, we are also interested in the contribution to the total osmotic
compressibility arising from all of the micelles with total aggregation number n.
That is, we are interested in (r1a/0Xn) - . We recall that Xn, defined in Chapter 4
is the mixed micellar distribution integrated over the composition variable. We now
recall that
oo
X=X1+ nX , (5.28)
n=no
in the mixed case. Differentiating Equation 5.18 by Xn gives us an equation similar
to Equation 5.25 for the single component case
Owl + n ___ Ceff(Il sI byffX 1 (5.29)kXnl BT l 1-X kT (1+ (eff -1)X)3
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In the absence of interactions, we have
a = kBT (5.30)
or,
7, = kBT (5.31)
which is again the Van't Hoff law for the partial osmotic pressure of n-mers.
5.3 The Model of Puvvada and Blankschtein
The model of Puvvada and Blankschtein provides a means to calculate the mag-
nitude of AGmi, the micellization free energy for a single micelle, from considera-
tions at the molecular level. Since the process of micellization is reversible, AGmic
should be independent of the series of steps leading from the initial condition of
free monomers in solution to the final state of the fully assembled micelle. Puvvada
and Blankschtein provide us with a series of seven reversible steps leading from
monomers in solution to the mixed micelle, chosen in such a way as to be able to
clearly identify the various physicochemical factors important to the process of mi-
cellization. In this section, we shall summarize this thought process and identify the
various contributions to AGmi,. We shall then identify the four phenomenological
parameters of our extended ladder model in terms of the molecular model.
Before proceeding with an explanation of the steps of the thought process, it
will be helpful to fully describe our assumptions about the initial and final states.
Initially, we have na molecules of surfactant A and n(1 - a) molecules of surfactant
B suspended in the solvent. For the moment, we will consider the possibility that
one or both surfactant species might be charged. In this case, the hydrophilic regions
of the amphiphiles will be surrounded by a cloud of counterions in the solvent. From
these monomers, we wish to construct a mixed micelle suspended in solvent with
total aggregation number n, relative composition a, and with some geometrical
shape which we shall denote, as do Puvvada and Blankschtein, sh. The calculation
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of AGmic(n, oa, sh) depends on the following model for a micelle.
A micelle can be described as consisting of three distinct regions. The innermost
region consists of a hydrophobic core containing no water. The density of the core
region is assumed to be uniform and it is further assumed that the density is the same
as of bulk hydrocarbon of chain length n', where n' is taken to be one less than the
hydrocarbon tail length of the amphiphiles in the micelle. The outermost CH2 group
of each hydrophobic tail is assumed to be hydrated, and these groups are considered
to be in the next region of the micelle, not in the core. For a mixed micelle, we
assume that the density will be the same as the density of a mixture of bulk liquid
hydrocarbons of length nCA and n'B, with relative composition a, where nCA and
nCB are taken to be one less than the hydrocarbon tail lengths of surfactant species
A and surfactant species B, respectively. The outer layer contains the hydrophilic
head groups, water, and any counterions present in the solvent. Between these
two layers in the model micelle is a layer of hydrated CH2 groups. This picture
is supported by NMR measurements in both nonionic [59] and ionic [60] micellar
solutions in which the micelle-water interface is studied in detail. Furthermore,
density measurements in lecithin bilayers [61] and measurements of partial molal
volumes and compressibilities of n-Alkanes dissolved in SDS micelles [62] support
the assumption that the micellar core is indeed liquid-like, with a density close to
that of the bulk liquid hydrocarbon. Note that since the hydrophobic core of the
micelle does not contain any water, and cannot have a hole, one dimension of the
core is limited to be less than or equal to the fully extended length of a hydrocarbon
of chain length n. For mixtures with different chain lengths, it is clear that this
dimension must be less than the fully extended length of the longer chain. We
denote this core-minor radius as l,.
Let us now consider the steps leading from our initial to final states. In the first
step, we imagine that we remove any charge from the hydrophilic regions of the
amphiphiles and also discharge any counterions present. We proceed by breaking
the chemical bond between the hydrophobic tail and the head group, which should
now also include the single CH2 group that will be associated with the hydrated layer
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described above. It is now possible to deal with the tails separately from the heads.
We continue, in the third step, by transferring the nce tails of surfactant A and the
n(l - a) tails of surfactant B into a bulk hydrocarbon environment consisting of
n-Alkanes of chain length nA and nB with relative composition a (the same as
the micelle). In the fourth step, we form a hydrocarbon droplet with the proper
core-minor radius lc from the na tails of type A and the n(l - a) tails of type B.
The formation of this droplet entails the creation of an oil-solvent interface when we
transfer the droplet from an environment of pure hydrocarbon back to solvent. As
of yet, however, we have said nothing regarding the orientations of the hydrocarbon
chains within the droplet. We know that each chain must be bound at one end to a
head group of the appropriate kind which will reside at the surface of the droplet.
Therefore, in the fifth step, we restrict the tails such that the correct end lies in the
vicinity of the oil-solvent interface. At this stage, the micellar core is fully formed.
In the sixth step, we re-attach the head groups (including the extra single CH2
group) to the tails at the micellar core-water interface. This step consists of three
parts: recreating the chemical bond between head and tail, accounting for the par-
tial screening of the surface of the micellar core from the solvent provided by the
head groups, and accounting for the steric repulsion between head groups (which are
now close enough to interact). In the seventh and final step, the head groups and
counterions are recharged if they were discharged in the first step. The total free
energy of micellization is computed by summing the contributions arising from each
step. Noting that the bond-breaking and bond-reformation contributions cancel, we
can identify five distinct free energy contributions: (1) the free energy contribution
per monomer, gwl/hc associated with transferring the tails from water to bulk hy-
drocarbon in the third step (denoted the hydrophobic free energy), (2) the creation
and partial screening of the micellar core-solvent interface from the fourth and sixth
steps, g, (denoted the interfacial free energy per monomer), (3) the loss of entropy
associated with the restrictions applied to the tails in the micellar core in the fifth
step, which we will call the packing free energy per monomer and denote ghc/mi,, (4)
the free energy per monomer associated with the steric repulsions between the head
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groups, gt, from the sixth step, and (5) the electrostatic free energy per monomer,
g,l,,ec associated with discharging and charging the head groups and counterions in
the first and seventh steps. The total free energy of micellization is given by
/XGmic(sh, n, ca, lc) = n(gw/hc + ga + ghc/mic + gst + gelec) = n(gmic). (5.32)
The details of the modeling of each of these contributions is given in reference [17],
but it should be noted here that ghc/mic, the packing free energy can be calculated
only for three shapes: spheres, infinite cylinders, and bilayers (infinite discs). The
optimal core-minor radius, l* and optimal composition a* are computed by mini-
mizing the total free energy with respect to Ic and ac, respectively. By comparing the
magnitude of AGmic for different shapes, one can also hope to predict the preferred
micellar geometry.
For the case of interest to us, finite, prolate spherocylindrical micelles, Puvvada
and Blankschtein linearly interpolate the micellization free energy between the op-
timum free energy for spheres and the optimum free energy for infinite cylinders.
If the optimum spherical micelles have relative composition asph and the optimum
infinite cylindrical micelles have relative composition acyl, then
AGmic(n, a) = n [gmyc(acyl) + (gm( sPh)- gc(c))] (5.33)
with the relative composition of the micelle given by
a = ,cyl + nph (asph - cyl) (5.34)
n
The total aggregation number for the spherical micelle, n,,sph is computed by
Puvvada and Blankschtein by considering the density of the micellar core using
Tanford's expression for the dependence of the volume of n-Alkanes on chain length
in pure liquid hydrocarbon [63]
V(A ) = (27.4 + 26.9nC')nsph (5.35)
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For a mixed, spherical micelle of relative composition aph, with tail chain lengths
nCA and nCB, we have
4
-r(lc) 3 = nsph (asphVA + (1 - asphVB) (5.36)36)
with
VA = 27.4 + 26.9n'A (5.37)
VB = 27.4 + 26.9nB (5.38)
If we compare Equation 5.33 to the corresponding expression for the micellization
free energy for the extended ladder model (Equation 5.6), we can identify the four
physically meaningful extended ladder model parameters in terms of the molecular
model of Puvvada and Blankschtein. We have
A/IA = nsph (gmic(1.O) - gmic(1.0)) (5.39)
A/B = nsph (gmsp(O.0) - gcy(0.0)) (5.40)
A/LCA = gmZc(1.0) (5.41)
A/pB = g n(0.0). (5.42)
The mixing entropy term, included explicitly in the generalized ladder model expres-
sion for AGmic, is included in the molecular model in the hydrophobic free energy,
gwu/hc, as the entropy of mixing of the hydrocarbon tails.
Recall now our assumption made in Chapter 4 that Apo ACoB, IpA and A/I0B
(or equivalently A/IA, A/IB, API°A and A/°IB) are independent of composition. If
this assumption is valid, then it implies that any nonlinearity in gmil(a) and gmpc(a)
after subtracting out the mixing entropy term kBT[c ln ca + (1 - a) ln(1 - a)] should
be small. We shall find in Chapter 6 that the predictions of the molecular model of
Puvvada and Blankschtein bear this out.
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Chapter 6
Comparison With Experiment
In Chapter 3 we presented the results of a light scattering study of the mixed
surfactant system containing C12E6 , C12E8 and water. In Chapters 4 and 5, we
examined the extension to the case of mixtures of the well known ladder model
for one-dimensional micellar growth, the generalization to mixtures of the phe-
nomenological Gibbs free energy of Blankschtein, Thurston and Benedek, and the
molecular-thermodynamic approach of Puvvada and Blankschtein. It is the task
of this chapter to examine the applicability of these models to the system we have
studied experimentally. The chapter is broken into three sections. In Section 6.1,
we begin with the presentation of a hydrodynamic model for weakly interacting
rodlike micelles that is necessary for the quantitative analysis of our quasielastic
light scattering data. We then proceed by applying the generalized ladder model,
discussed at length in Chapter 4, to our data. In Section 6.2, we discuss the meaning
of the physical parameters extracted from our data in terms of the molecular model
of Puvvada and Blankschtein, and in Section 6.3, we generalize our hydrodynamic
model in a qualitative way to account for the effects of intermicellar interactions. We
use the expression for the osmotic compressibility obtained from the phenomeno-
logical model of Blankschtein, Thurston and Benedek to explain the minimum with
increasing concentration in the diffusion coefficient observed in our light scattering
data.
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6.1 Two-Dimensional Ladder Model
In Chapter 4 we saw that we could construct the entire distribution of micellar
sizes and compositions in terms of four thermodynamic parameters. Furthermore,
we made the observation that weighted sums over the micellar distribution yielded
experimentally observable quantities such as the weight-averaged aggregation num-
ber. In order to make a connection between our quasielastic light scattering data
presented in Chapter 3 and our generalization of the ladder model, we must find a
suitable way to relate the average diffusion coefficient (or hydrodynamic radius) to
an appropriate sum over the micellar distribution. Since we also know from Chap-
ter 4 that the distribution in composition should be narrow, we will here consider
the summation over composition to be already carried out and consider therefore
only the remaining summation over total aggregation number. We will proceed in a
manner parallel to that of Missel et. al. [10], since they have previously addressed
a similar problem in interpreting their quasielastic light scattering measurements
from SDS micelles.
6.1.1 Obtaining D from the Micellar Distribution
We recall from Chapter 3 that the first order correlation function g(t) for a polydis-
perse system can be written as an integral (Equation 3.7), or as the sum
00
g(t) = ZAie - rit (6.1)
i=l
with the decay rate Fi = Diq2 for Brownian particles. The quantity Di is the
translational diffusion coefficient of the ith species of particle and, of course, q is
the magnitude of the scattering vector. The factor Ai is the fraction of the total
scattered intensity that comes from the ith species of particles. The magnitude of Ai
is proportional to Mi, the mass of a particle of the i th species and ci, the total mass
of all of the particles of species i per unit volume. This can be seen from Equation
2.47 and Equation 3.19. If the particles are large enough (comparable in size to
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the wavelength of light), then a scattering form factor, Pi should also be included.
Thus,
Ai = A_ MciPi (6.2)
Computing the first cumulant (see Section 3.1.2) gives us the proper weighting for
calculating the average decay rate
oo Aici Pi F i o00
P = c' = Z AF, = Dq2 . (6.3)
i=1 °=1 Micpi =1
Dividing by q2, we see that the average diffusivity from light scattering should be
00
D = ZAIDi, (6.4)
i=l
where D = Fi/q2 is the diffusivity of the ith species of particle. Let us examine
the Ai in more detail for the specific case of the two-dimensional ladder model. In
this case, the index i should be replaced by the micelle total aggregation number n
(which will be allowed to run from no, the minimum micelle size, to infinity) and
the micelle relative composition a (which runs from 0 to 1). That is,
00
D = E An,,Dna. (6.5)
n=no 
A,n is proportional to the concentration of micelles of total size n and relative com-
position a, and the above equation represents a weighted average over the micellar
size and composition distribution. The method for evaluating such weighted aver-
ages over the micellar size and composition distribution was discussed thoroughly in
Chapter 4. We saw in Chapter 4 that since the distribution of micellar compositions
is very narrow, only terms with a very close to the optimal composition a* should
be retained in (6.5), and we can write
n=noo
-'no0
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with
Mn(a*)c (a*)Pn(a*)
A -=a (6.7)E n 0 n M(a)c(a*)P(c*)' (6.7)
where we recall that (from Chapter 4) a* is the composition for which the micellar
distribution in a has its maximum. Now we note that Mn(a*), the mass of an n-mer
at the optimal composition, can be written
Mn(a(*) = nm(a*) (6.8)
with
m(a*) = mAo* + mB(1 - a*) (6.9)
where mA is the mass of a molecule of C12E6, and mB is the mass of a molecule of
C 12 E8 .
Also, we note that the concentration of micelles containing n monomers, cn(ac*),
should be proportional to the micellar size and composition distribution integrated
over the composition variable, Xn. We recall that Xn, defined in Chapter 4 by
Equation 4.144, represents the mole fraction of micelles of total size n, regardless of
their composition. Since c,(a*) has units of mass per unit volume, we write
Cn(a*) = Mn(a*) N (6.10)
V'
where N is the total number of micelles in the solution with total size n regardless
of composition and V is the total volume of the solution. We note that since the
total mole fraction of micelles with total size n regardless of composition, X. =
Nn/(NA + NB + Nw), we can rewrite cn(c*)
Cn(a*) = X nM(a*)p = Xnnm(a*)p, (6.11)
where p is the number density of particles in the solution,
NA + NB + Nw
NAQA + NBQB + NW Qw
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Note that we are using the same definitions of NA, NB, NW, QA, QB and QW as were
used in Chapters 4 and 5: NA, NB and Nw are the total number of amphiphiles
of type A, the total number of amphiphiles of type B, and the total number of
molecules of water in the solution, respectively, and QA, QB and QW are the molec-
ular volumes of an amphiphile of type A, an amphiphile of type B and a water
molecule, respectively.
Equations 6.8 and 6.11 can be used to simplify our expression for A,,c.. We see
that all factors of p and m(a*) cancel upon substitution into Equation 6.7, giving
us the simpler expression
An n2 XP (6.13)
In order to proceed, we need an appropriate hydrodynamic model for the diffu-
sion coefficient of our rodlike micelles and an appropriate form factor. We shall use
the following approximation for the form factor of rodlike particles [64]:
P(X) = [1 + + 7x] <X<2 (6.14)
(6.14)P(X) = (x+) 2<X<oo
with
X = )2, sin 2 (6.15)
A' 2
where I is the length of the rod, A' is the wavelength of light in the medium, and 0
is the scattering angle. In order to use Equation 6.14, we need an expression for the
length, 1 of the rod in terms of the total micelle aggregation number n. Recalling
our spherocylindrical model (see Figure 4-2), we will assume that the density of
material is about the same in the cylindrical body and in the hemispherical end
caps. Thus, equating the number of monomers per unit volume in the two regions,
we obtain the expression we need, namely:
no n - no
eag- iral (6.16)
remembering that from the spherocylindrical model, in a micelle with total ag-
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gregation number n > no, each hemispherical end cap of radius a contains no/2
monomers and the cylindrical body of length 1 and radius a contains the remaining
n - no monomers. Solving for 1, we obtain
4aI = 3(n - no). (6.17)
Since the form factor only becomes important when the length becomes comparable
to the wavelength of light (X - 1, Equation 6.15) we can neglect the effects of the
small ( 3nm) end caps. Thus, we shall use the above expression for in Equation
6.14 for the form factor. For a given solution composition, we will use for a, the
hydrodynamic radius of the minimum sized micelles given by Equation 3.24. We
will also use no = 135, as obtained in Chapter 3. Having discussed a reasonable
expression for the micellar form factor, we return to the question of an appropriate
hydrodynamic model.
As was mentioned in Section 3.2.3, there exist many approximate expressions
for the diffusivity of rodlike and wormlike particles [55]. However, most of these
expressions for the diffusivity are limited in their range of validity to rods whose
contour length is much larger than their diameter. We prefer to use the exact
expression for the diffusivity of a prolate ellipsoid [56] as was used in Section 3.2.3,
since we will be considering both elongated micelles (our data for C12E6) and micelles
that are close to their minimum size (our data for C12E8). That is, we will use the
expression
D(a, b) - b( a/b)/ (6.18)6r7b(I - a2/b2 1/2
or equivalently
RH(a, b) = b(1 - a/b 2)2 (6.19)
In [
where a is the semi-minor axis of the ellipsoid and b is the semi-major axis. We
choose the semi-minor axis, a, for a given solution composition to be the same as the
hydrodynamic radius of the minimum sized micelles for that solution composition
as given by Equation 3.24. For a given value of n, the semi-major axis, b, will be
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chosen in such a way so as to equate the volume of the prolate ellipsoid with the
volume of our model prolate spherocylinder (also of radius a):
~4 4347ra2b = ra21+ ra3. (6.20)
Having already obtained an expression for the length of the cylindrical portion of
the spherocylinder (Equation 6.17), we obtain for b
3 anb= -l+a=-. (6.21)
4 no
Thus, using Equations 6.18, 6.14 and 6.13 in Equation 6.6 we can estimate D given
a model for X. Likewise, we can use our measurements of D to give us some
information about the parameters in our generalized ladder model.
6.1.2 Extracting the Two-Dimensional Ladder Model Pa-
rameters
The two-dimensional ladder model describes the concentration and composition de-
pendence of the micellar distribution in terms of the four parameters 0A, AI 0B,
AiC0A and ApoB. The temperature dependence of the micellar distribution is then
reflected in a dependence on temperature of the four parameters. By using all of the
appropriate measurements of D and the measurements of the scattering intensity
from the micelles in the vicinity of the critical micellar concentration, we will extract
values for the four parameters and examine their temperature dependence.
We recall from Chapter 4 that Ag/A represents the change in free energy of the
solution per particle when no amphiphiles of type A are transferred from water into a
minimum micelle, and Ag°B represents the change in free energy of the solution per
particle when no amphiphiles of type B are transferred from water into a minimum
micelle. Also, we recall that ApoA represents the change in free energy of the solution
when an amphiphile of type A is transferred from water into the cylindrical region of
an elongated micelle, and /Ap° B represents the change in free energy of the solution
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when an amphiphile of type B is transferred from water into the cylindrical region
of an elongated micelle. Recalling the single component ladder model, for a solution
of pure surfactant A (C12E6 ), the ladder rung spacing is A/poA and the ladder gap
is noA/p°A. Likewise, for a solution of pure surfactant B (C12E8 ), the ladder rung
spacing is Ap/oB and the ladder gap is noA!p°B.
It will turn out that for total surfactant concentrations well above the criti-
cal micellar concentration, the average diffusivity, D, is sensitive primarily to the
two-dimensional ladder model parameter K(a*), which from Chapter 4 we re-
member is determined by the differences AIA/kBT = (AA - A#iA)/kBT and
AYaB/kBT = (ApB - AoB)/kBT. All of the measurements of D presented in
Chapter 3, Figures 3-2 and 3-7 correspond to total concentrations well above the
critical micellar concentration. In the vicinity of the critical micellar concentra-
tion, the micellar distribution becomes sensitive to the parameters AI°A/IkBT and
A°B/kBT directly. Thus, our measurements of the intensity of light scattered from
the micelles in the vicinity of the critical micellar concentration for pure C12E6 solu-
tions and pure C12E8 solutions will allow us to determine At A/kBT and A lB/kBT.
Using the values of /AI/kBT and AzBI/kBT determined previously, we can find the
values of AIIA/kBT and A 8 BIkBT.
Our method of extracting the two-dimensional ladder model parameters will
proceed as follows. Using the theoretical considerations of Chapter 4, we will provide
an estimate of the parameters AI°A/kBT and AI B/kBT from the value of the
critical micellar concentration for pure C1 2E6 solutions and pure C12E8 solutions.
Fixing these parameters, we then fit our measurements of D well above the critical
micellar concentration, but in the region where intermicellar interactions may still be
neglected with the two-dimensional ladder model, precisely determining the values
of A/tA/kBT and AUB/kBT. Having determined AYIA/kBT and AlB/kBT, we will
fit the two-dimensional ladder model to our measurements of the intensity of light
scattered from the micelles in the vicinity of the critical micellar concentration in
order to more accurately redetermine the parameters A/0IA/kBT and Apl/IkBT.
We then fix these new values of A/ŽoA/kBT and A/°BI/kBT and fit our measurements
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of D once again, to verify that the dependence of the values of AIUA/kBT and
AB/IkBT extracted from our measurements of D depend only weakly on the values
of A0 IA/kBT and Au°o /kBT. We now proceed through the fitting procedure in
detail.
At a given temperature, the parameters 0SA, sB, ICA and ACB were
obtained as follows. First, A/kIkBT = (AyA - AtC)/kBT and AuB/kBT =
(A/s - A°B)I/kBT were extracted from the dependence on concentration and
composition of D well above the critical micellar concentration, but below X =
1 X 10 - 3 , where (as was discussed in Chapter 3) the interpretation of our data in
terms of an actual particle size is reasonable. We first justify that in the regions well
above the critical micellar concentration, the micellar distribution should be sensitive
primarily to AIPA/kBT and AuB/kBT. We then provide initial theoretical estimates
of A/0I°A/kBT and Ao°B/kBT, and describe the fitting procedure used to extract
AIPA/kBT and AtBI/kBT. It should be noted here that since the data for a. = 0.501
(see Figure 3-7) was obtained using a different instrument from the remaining data,
the temperatures at which the data was collected are slightly different. Values of
D (and RH) at the needed temperatures were inferred for a, = 0.501 from the raw
data by interpolation.
That our measurements of D should be sensitive primarily to the differences
AltA/kBT and AuB/kBT and not to any of the four parameters directly is under-
standable from the form of the mass conservation equations, Equation 4.146 and
Equation 4.147. Since the lowest concentration measured (5 x 10- 5) is an order of
magnitude above the critical micellar concentration for either surfactant, most of
the surfactant exists as micelles, and X1 will be small compared to the second and
third terms in Equation 4.146. The value of A = Xle -B(,*) is determined quite
precisely from the equation, due to the large power of no. Changing the value of
the effective rung spacing 6(a*) = *a/A + (1 - a*)A/°B, (and thus B(a*)) will
cause a shift in X1 so as to keep A nearly fixed. Since X 1 is small compared to
X, it can shift a large percentage of its initial value without strongly affecting the
determination of A. Therefore, in this regime, the value of A, and thus the micellar
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distribution is only weakly dependent on (a*), which depends directly on AICoA and
AclB. The value of A is primarily determined from K(a*), which is a function only
of the differences AlPA/kBT and ABI/kBT. Although we have made our explana-
tion in terms of the simplified treatment of the generalized ladder model presented
in Chapter 4, examination of the corresponding equations in Appendix B will show
that the same explanation is valid in the full treatment of the problem.
In Section 4.2.7, we concluded that the quantity eB(,*) must be of the same
order as the critical micellar concentration. This suggests the following procedure.
Using our determinations of the critical micellar concentration, we estimate A/ucA
and AIIoB by equating eB(1) to the critical micellar concentration for pure C12E6,
and eB(o) to the critical micellar concentration for pure C12E8 . Thus, we have the
simple relations
A/A = kT n X(C12E6) (6.22)cA BTInXCMC
AIcB = kBT n X (CMCE 8) (6.23)
Having fixed the values of A/IoA and ApXB, we extract the values of AluA/kBT
and ApLB/kBT from the measurements of D. This is done as follows. At fixed
values of AAI/kBT and AuBl/kBT, we numerically solve the mass conservation
relations and obtain the micellar distribution for each concentration and composition
measured. These distributions are used in the hydrodynamic model described above
to give estimates of D. A gradient descent minimization procedure is used to adjust
AlPA/kBT and AIBIkBT such that the mean square deviation of the calculated
points from the measured points is minimal. We should also note here that the
fitting procedure incorporates the full treatment of the generalized ladder model,
discussed in Appendix B.
Having precisely determined the differences APlA/kBT and ABI/kBT, we are in
a position to more accurately determine Ago~A and A/\pB. As was mentioned earlier,
ApoA and A/poB are sensitive to measurements in the region near the critical micellar
concentration. In Section 3.2.4, we presented measurements of the scattered inten-
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sity from the micelles in the vicinity of the critical micellar concentration for pure
C12E6 solutions and for pure C12E8 solutions. These data were used in Chapter 3 to
estimate the critical micellar concentration. We shall also use these measurements
here to extract values for ApA and A/utB. We proceed as follows.
The intensity of light scattered from the micelles is proportional to the second
moment of the (renormalized) micellar distribution if we neglect the small effects
of the form factor (see Equation 6.13). Using the generalized ladder model with
fixed values of /\u°A and AgoB and knowing A/PAIkBT and A#B/kBT from our
preliminary fitting described above, we can calculate the second moment of the
distribution as a function of total surfactant concentration and fit to our measure-
ments. We estimate A/A and A/CB by varying ApA (for the C12E6 data) or A/B
(for the C12E8 data) until the fit of the theoretical prediction of the concentration
dependence of the second moment of the micellar distribution to the experimental
data is optimal. It should be noted that for the T = 49C C12E6 data that the
appropriate value of ALA/kBT was found by interpolating between 450 C and 50°C
and for the T = 51°C C12E8 data that the appropriate value of /AXB/kBT was found
by interpolating between 50°C and 55°C.
The fits of the generalized ladder model to the measurements of micelle scat-
tering intensity in the vicinity of the critical micellar concentration are shown in
Figures 6-1 and 6-2. The values of ApA and /ApoB obtained from each plot are
also shown. The values of AloA, when plotted as a function of temperature (see
Figure 6-3) show no identifiable dependence on temperature. Therefore, we took
AIc/A to be roughly temperature independent, with a value equal to the average of
the measurements, that is, A/poA = -13.36. In the case of amphiphile B (C12E8),
we had only two measurements of the scattered intensity versus concentration near
the critical micellar concentration. One set of measurements was taken at T = 25°C
and is shown in Figure 6-1. The other set of measurements was taken at T = 510 C,
and is shown in Figure 6-2(f). As we did for C12E6, we took Ap/°B to be temper-
ature independent, with a value equal to the average of our measurements, that
is, Ap/B = -12.94. The predictions of the two-dimensional ladder model in the
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Figure 6-1: The Intensity of light scattered from micelles plotted as a function of
total surfactant concentration in the vicinity of the critical micelle concentration for
solutions of pure C12E8 at T = 250 C. The solid line is the optimal fit of the data to
the two-dimensional ladder model. We find AIcB = -12.843. The dashed line is a
fit of the data to the two-dimensional ladder model with ApB taken as the average
of the optimal values of /ApB found from the data for pure C12E8 at 250C and 51°C
(AZ~B = -12.94).
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Figure 6-2: The Intensity of light scattered from micelles plotted as a function of
total surfactant concentration in the vicinity of the critical micelle concentration for
solutions of pure C12 E6 and pure C12E8 at various temperatures. The solid lines
indicate fits to the generalized ladder model with the parameters as indicated in
the graphs. The dashed lines are fits to the generalized ladder model with AXIcA
or /ApoB fixed to the average value of all of the measurements for either C12E6 or
C 12 E8 .
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Figure 6-3: The values of ApIoA extracted from the data in the vicinity of the critical
micellar concentration for pure C12E6 plotted as a function of temperature. The line
represents the average value of the measurements.
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vicinity of the critical micellar concentration with A#oCA and Atc°B fixed to these
average values are also shown in Figures 6-1 and 6-2.
After obtaining the accurate estimates of /AcA and AcgB, we repeat the proce-
dure of fitting to our measurements of D. It was found, as we expected, that the
values of APA/kBT and A tB/kBT did not differ significantly from their preliminary
estimates.
Fits of the two-dimensional ladder model to our quasielastic light scattering
measurements of D (shown as hydrodynamic radii) from T = 30°C to T = 55°C
are presented in Figures 6-4 and 6-5. We recall that all of these measurements
correspond to the region well above the critical micellar concentration for either
surfactant and below X = 1 x 10- 3, so that, as mentioned earlier, intermicellar
interactions may be neglected. Note that the fit for T = 55°C does not contain any
data for pure C12E6, since the critical temperature for phase separation in the pure
C12E6 and water system is Tc = 51.1C. We have only attempted to fit our data
for which X < 1 x 10-3 where we have assumed, as discussed in Chapter 3, that the
measured diffusivity can be interpreted in terms of a particle size. We note that the
theoretical curves fit the data reasonably well.
The final values of AtuA/kBT = (AlA - A/lo A)/kBT and AlB/kBT = (Al°-
AItoB)/ksT extracted from the measurements in Figures 6-4 and 6-5 are presented
in Figure 6-6. The open and closed circles represent the values of AlA/kBT and
A/siB/kBT obtained from the fitting procedure described above. The filled di-
amonds indicate values of A,lBIkBT found from additional dynamic light scat-
tering measurements made on pure C12Es at the temperatures indicated. These
data are tabulated in Appendix D. We recall that in the region of strong mi-
cellar growth, the weight-averaged aggregation number scales like (n)w ~ KY
with n K = no (Ay°A - At°A) /kBT for pure C12E6 solutions and with lnK =
no (At - lCB) I/ksBT for pure C12E8 solutions. Therefore, the magnitude of these
parameters indicate the tendency for micellar growth in the pure systems. From the
figure, we see that the magnitude of AllA/kBT is always greater than the magnitude
of AlUB/kBT, which is consistent with the observation that at a fixed temperature
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Figure 6-4: The apparent hydrodynamic radius is plotted against total surfactant
concentration at T = 50°C for the various relative compositions studied. The curves
are fits to the two-dimensional ladder model. Note that only the data for which
X < 1 x 10- 3 was included in the fit.
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Figure 6-5: The apparent hydrodynamic radius is plotted against total surfactant
concentration for various relative compositions studied at: T = 55°C (a), T = 50°C
(b), T = 45°C (c), T = 40°C(d), T = 350C (e) and T = 300C (f). The symbols
have the same meanings as in Figure 6-4. The curves are fits to the two-dimensional
ladder model. Note that only the data for which X < 1 x 10- 3 was included in the
fit.
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Figure 6-6: The two-dimensional ladder model growth parameters noA/lA/kBT =
no(Z\s°A - /Lc°A)IkBT and noAuB/kBT = no(As°B - ACB)IkBT for the C12E6,
C12E8 and water system are plotted as a function of temperature. The open and
closed circles represent the values of noA/LA/kBT and noAtsB/kBT, respectively,
extracted from the data presented in Figures 6-4 and 6-5. The closed diamonds rep-
resent values of noAls/kBT found from additional dynamic light scattering mea-
surements made on pure C12E8 at the temperatures indicated. These data are
tabulated in Appendix D. We recall that, for our system, no = 135.
176
C12E6 is observed to exhibit stronger growth than C12E8s. We note further that the
values for ApA/kBT all fall on a straight line with positive slope. This positive slope
is physically reasonable, since it indicates the tendency of the micelles of C12E6 to
grow with increasing temperature.
The temperature dependence of AB/kBT = (AloB - ApL°B)/kBT is similar to
the temperature dependence of AP/A/kBT = (AyA - ApoA)/kBT, although it is
clear from the figure that the values of AIB/kBT are much less well determined.
The quantities AlA/kBT and AllBIkBT are accurately determined only in the limit
of strong micellar growth. Since for C12E8 (amphiphile B) there is no strong mi-
cellar growth over the temperature range studied, the values of A/IB/kBT are not
well determined. It is clear, however, that a linear dependency of AIlB/kBT with
temperature is adequate to explain the data in this temperature region.
Using the values of AoCA and AoB obtained from the measurements in the
vicinity of the critical micellar concentration, we can now compute AIu°A and Ag/lB.
All four of the two-dimensional ladder model parameters are plotted as functions of
temperature in Figure 6-7. The structure of the two-dimensional ladder is identical
with Figure 4-4 from Chapter 4. We note that in the figure, no = 135 and for
different temperatures, T, A /o A, AsB, A/ucA and Ag0B take on the values as shown
in Figure 6-7.
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Figure 6-7: The four two-dimensional ladder model parameters IA, go, ApA
and AOB are plotted as functions of temperature.
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6.2 The Molecular-Thermodynamic Model
In Section 5.3, we presented the basic ideas underlying the molecular model of
Puvvada and Blankschtein [17], including a particular microscopic model of a micelle
and the thought process they have used in order to identify the physical origin of the
important contributions to the free energy of micellization. We then identified the
relationships between their calculations and the physically significant parameters of
the generalized ladder model.
The actual computations of the micellization free energy, AGmic for the mixed
C12E6, C12E8 and water system were carried out using a computer program supplied
by S. Puvvada. This program evaluates numerically the magnitudes of the various
contributions to the micellization free energy as described in Reference [17], sums
these contributions and computes, based on the Gibbs free energy model discussed in
Chapter 5 and Reference [16], such quantities as the critical micellar concentration,
the weight-averaged micellar aggregation number and the location and shape of the
coexistence curve for liquid-liquid phase separation.
Using this computational procedure and the relations 5.39-5.42, the predictions
of the molecular-thermodynamic model were examined and compared with the phys-
ically meaningful parameters extracted from our generalized ladder model analysis.
Most important are the predictions of the growth parameters ApA and APB. These
are compared in Figure 6-8. We see that the predictions of the molecular model are
in excellent agreement with the growth parameters obtained from our experimental
data.
It should be noted here, however, that in order to obtain this excellent agreement,
a slight modification to the molecular parameters in the computation of gt, the
steric free energy, was made. According to the model of Puvvada and Blankschtein
[17], the steric free energy considers the contribution to the total free energy of
micellization from the steric repulsions of the hydrophilic heads at the surface of the
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Figure 6-8: The predictions of the growth parameters AI/A and A/UB from the
molecular model of Puvvada and Blankschtein
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micelle. They model this contribution
st= -kBTln[l - ahA + (1 - )ahB] (6.24)
a
with ahA as the average cross-sectional area of a surfactant A head, ahB as the
average cross-sectional area of a surfactant B head and a as the total area at the
surface per surfactant monomer. We can see from the form of Equation 6.24 that
the steric free energy has been modeled as an entropic contribution to the total
free energy of micellization. The argument of the logarithm reflects the fractional
reduction of available area at the micellar surface in which a new head group can
be placed. As such, it represents the reduction in possible configurations available
for an additional head due to the presence of existing heads at the micellar surface.
Clearly, it has also been assumed that the concentration of head groups on the
surface is small enough so that their excluded volumes may be considered in an
additive fashion.
Puvvada and Blankschtein [17] propose a simple scaling argument to estimate
the values of the parameters ahA and ahB. The area per head group should vary
with temperature, reflecting the fact that the ethylene oxide groups of the CEj
surfactants are hydrated in aqueous solution, and that the extent of their hydration
should decrease with temperature. They proposed that the area per head group
for a surfactant species with j ethylene oxide groups, ahj should vary linearly with
temperature:
ahj = aj [1 - H(T - 298)], (6.25)
where T is the absolute temperature and H reflects the decrease of the cross-
sectional head group area with temperature. In a previous paper [15], Puvvada
and Blankschtein applied a simplified version of the molecular model, considering
only solutions containing a single surfactant species, to the C12E6 and water sys-
tem. They found that for C12E6 a6 = 38.1A2 and H = 0.0075K- 1. Their value
for H was determined by fitting the temperature dependence of the critical micellar
concentration for C1 2E6. Considering the extremely weak dependence of the crit-
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ical micellar concentration with temperature in the C12E6 and water system, the
parameter H is not determined with great accuracy by this method. In order to
compute the cross sectional area for other surfactants in the CiEj family, they sug-
gested a scaling relation for how the area per head group at a given temperature
should depend on the hydrophilic head group length: ahi j0.8. Thus, for C12E8,
ah = 38.1 x (8/6)0.8 = 48.0A2 and H = 0.0075K -1 .
We found that using this simple scaling argument to relate the cross-sectional
area per head group of C12Es to C12E6 gave too high a value for the cross sectional
area per head group for C12E8 . We also found that the value of H was too high
for the case of C12E8, resulting in an over-dehydration of the micellar heads with
increasing temperature. We have assumed that our data provides a more sensitive
estimation of these parameters. In order to obtain the predictions presented in
Figure 6-8, we kept the linear temperature dependence, but estimated the cross
sectional areas per head group for C12E6 and C12E8 according to:
ahA = a 6 [1 - H 6 (T- 298)] (6.26)
ahB = a [1 - H8 (T- 298)] (6.27)
with the parameters aj and Hj given in Table 6.1.
Table 6.1: Estimates of aj and Hj for C12E6 and C12E8
Hj(K- 1 )
C12E6 38.8 0.00725
C12Es 44.9 0.00559
In addition to predicting the growth parameters /\A and A/B, we can use
the molecular model of Puvvada and Blankschtein to compute the parameters A/ucA
and A\cB that are determined in the two-dimensional ladder model by fitting to our
measurements in the vicinity of the critical micellar concentration. The predictions,
as well as the experimental measurements are presented in Table 6.2.
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Table 6.2: Predictions of A#C°A and AgCB using the molecular model
AcOcA/kBT (C1 2E6)
T (C) Measureda Prediction
25 -13.5 -13.57
35 -13.5 -13.65
40 -13.3 -13.69
45 -13.0 -13.72
49 -13.5 -13.74
AlicB/kBT (C1 2E8 )
T (C) Measured Prediction
25 -12.8 -13.03
51 -13.0 -13.30
aMeasurement accuracy about ±0.5
In Chapter 4, we assumed that in our two-dimensional ladder model, the param-
eters AgsA, 1AgSB, AI°A and Ag°Bare independent of composition, a. This means
that the quantities A(a)/no = aA/A + (1 - a)Ap°B and 6(a) = aAA + (1 -
a)AIB should be linear functions of a. We now wish to check whether or not
this assumption is consistent with the treatment of Puvvada and Blankschtein. The
predictions of the molecular model for A(a)/no and 6(a) are plotted as a function
of micelle relative composition at T = 50°C in Figure 6-9. The linear dependence
of these quantities on composition is clearly evident. We conclude that the calcu-
lations of Puvvada and Blankschtein for the C12E6, C12E8 and water system are
consistent with our assumption that /AgA, ApsB, A Ag and Ap°Bare independent
of composition.
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Figure 6-9: The quantities A(a)/nokBT and (ca)/kBT computed using the
molecular-thermodynamic model of Puvvada and Blankschtein [16, 17] and plot-
ted as a function of relative micelle composition c. The curves represent best fits
to a straight line.
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6.3 Intermicellar Interactions
To this stage we have analyzed and discussed only that subset of our experimental
data for which a case can be made for neglecting the effects of intermicellar inter-
actions. In Chapter 3, however, we saw clearly that at higher concentrations and
temperatures these interactions become increasingly important, and may not be ne-
glected. Unfortunately, aside from the possibility of complicated molecular dynamics
simulations, there exists no quantitatively correct solution for the dynamics of poly-
disperse, non-spherical, interacting, colloidal particles. We shall, however, use the
Gibbs free energy model presented in Chapter 5 in concert with our generalized lad-
der model to see to what extent we can describe qualitatively the interactions that
are responsible for the concentration dependence of the mean diffusivity observed
in our experiments. Furthermore, we shall examine briefly whether this model is
consistent with the measurements of Wilcoxon and Kaler [18] of the osmotic com-
pressibility of pure C12E6 solutions. Since the Gibbs free energy model permits us
to obtain directly an analytic expression for the osmotic pressure, we shall begin
with the second point.
6.3.1 The Osmotic Compressibility of Pure C12E6 Solu-
tions
We recall from Chapter 5 that the generalized Blankschtein, Thurston and Benedek
Gibbs free energy model gives Equation 5.22 for the osmotic compressibility. For
C1 2E6, the ratio of molecular volumes (surfactant to water) is about y = 25. M 2, also
appearing in Equation 5.22, is the second moment (in n) of the micellar distribution,
and can be calculated easily from the micellar distribution using the appropriate two-
dimensional ladder model parameters from Section 6.1. We will assume that these
parameters are concentration independent even in the region where interactions
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become important. We have
M2 = X1 + n Xn = XJK 1-- + ( 1A)3 ] )n=n + I + A(2nA1) + (1--A)3 (6.28)
Recall that A is determined by satisfying the conservation of mass equations (Equa-
tions 4.146 and 4.147). The parameter, Cff, we shall treat for now as an adjustable
parameter. We remember from Chapter 5 that Ceff is an effective mean field in-
teraction parameter measuring the strength of intermicellar amphiphile-amphiphile
interactions. Before we apply Equation 5.22 to the measurements of (Or/aX)-
by Wilcoxon and Kaler, we must correct the units. Wilcoxon and Kaler report the
osmotic compressibility (Or/Oc)- l with c in units of g/cm3 , while our expression is
for (7r/aX)- 1 with X as the total surfactant mole fraction. The quantities c and
X are related in general (for the mixed case) through the formula
c = X (asmA + (1 - a)mB) (6.29)
(Y ff - )X QW
where mA and mB are the molecular weights of C12E6 and C12E8, respectively. To
obtain (7r/Oc) - , we must multiply our expression for (7r/oX) -1 (Equation 5.22)
by
dc _amA + (1 - as)mB 1 1 (6.30)dX Qw 1 + (eff-1)X '
which gives, as our final expression (simplified to the pure C12E6 case)
-ac = ksT (l + (yf- 1)X)2 1 X M2 kBT ( + (yeff -1)X)3 )
(6.31)
We have fit Equation 6.31 to the osmotic compressibility measurements of Wilcoxon
and Kaler for pure C12E6 and water at T = 45°C using M2 computed from the
generalized ladder model distribution for pure C12E6 and water at T = 45°C. The
results are displayed in Figure 6-10. The solid line is the fit to the data of Wilcoxon
and Kaler treating Cff as an adjustable parameter. The dotted line is the fit to the
data using the method of Puvvada and Blankschtein [17] to estimate Ceff, described
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Figure 6-10: The osmotic compressibility for pure C12E6 and water at T = 450 C is
plotted as a function of concentration. The circles represent the data of Wilcoxon
and Kaler [18]. The curves are fits to the model Gibbs free energy using the gener-
alized ladder model distribution for pure C12E6 and water at T = 45°C. The solid
line is the best fit considering Ceff as a free parameter. The dashed line is for Ceff
computed using the method of Puvvada and Blankschtein
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below.
Since the parameter Ceff controls the extent of the attractive (if Ceff > 0)
interaction between monomers, the location and the shape of the phase boundary
for liquid-liquid phase separation will depend on the magnitude, composition de-
pendence, and temperature dependence of Cff. Puvvada and Blankschtein have
measured the coexistence curves for the pure C12E6 and water system, and the pure
C12E8 and water system. They have also measured the cloud point of the mixed
C1 2E6 , C12E8 and water system as a function of total surfactant concentration at
relative compositions a = 0.30, 0.50, 0.70 and 0.85. It was found that choosing
C,ff(as, T) as a linear function of both T and a, was sufficient to explain the po-
sition and shape of the coexistence surface for the mixed system. Puvvada and
Blankschtein used:
Ceff(Ys, T) = Ceff(as) + (T - Tmi)Ceff(os) (6.32)
with
Ceff(as)/ks = as,14.48 + (1 - ac)14.45, (6.33)
C'ff(o,)/kB = acs0.776 + (1 - a8)1.121 (6.34)
and
Tmix = a,51.14 + (1 - a,)78.39. (6.35)
We note that Tmix is a linear interpolation in composition between the critical tem-
perature for phase separation for C12E6 (TC = 51.14°C) and the critical temperature
for phase separation for C12E8 (Tc = 78.39°C).
The range of temperature over which the fitting of the coexistence curves defines
C,ff is about 2°C in the vicinity of Tmix. If we assume that the linear dependence
of Cff on temperature extends well into the single phase region, we obtain for pure
C12E6 at 450C, Cff/kB = 9.8K which, when combined with the extended ladder
model parameters for C12E6 at 450C produces for the osmotic compressibility, the
dotted line in Figure 6-10. Specifically, it should be noted that for pure C12E6,
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Ceff was determined by Puvvada and Blankschtein over the temperature range of
about 51°C - 53°C, and we have extrapolated their linear dependence down to 45°C.
Thus, the fact that the agreement of our expression for the osmotic compressibility
to the data of Wilcoxon and Kaler using this estimate of Ceff is not very good
is not surprising, since first we are extrapolating a large distance from the region
where Cff has been determined, and furthermore, we have no particular reason to
expect a linear dependence on temperature of C,ff in the single phase region. The
fact that we are able to reasonably fit (treating Ceff as an adjustable parameter)
the osmotic compressibility data of Wilcoxon and Kaler using the same parameters
extracted from our fit to our own dynamic data in the low concentration regime
argues favorably for our interpretation of our dynamic data in Section 6.1. In
addition, this good agreement indicates the success of the Gibbs free energy model
of Thurston, Blankschtein and Benedek in capturing the essential features of the
intermicellar interactions.
The contributions to the total osmotic compressibility of the solution from the
three terms G,, Gf and Gint of the model Gibbs free energy are examined in more
detail in Figure 6-11. We note that the shape of the total osmotic incompressibil-
ity is determined at low concentrations almost entirely from the contribution from
Gf, the free energy of formation. At higher concentrations, the contributions from
Gm and Gist, which nearly cancel, begin to affect the total osmotic incompress-
ibility causing it to diverge from the contribution due to Gf. We recall that Gf
incorporates the Gibbs free energy calculated from our extended ladder model for
micellization, but explicitly does not contain any terms representing the interac-
tions between micelles. These interactions are treated jointly by Gm and Git. G,
we remember is a model mixing entropy among the different micellar species, the
free monomers and water. Gm acts to increase the total osmotic incompressibility
(decreasing the total osmotic compressibility) and is, as expected, a repulsive inter-
action between micelles. Git acts in the opposite direction as G. It represents,
therefore, the mean-field attraction between micelles, which is necessary in order for
phase separation to occur.
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Figure 6-11: The osmotic incompressibility for pure C12E6 and water at T = 45°C
is plotted as a function of concentration. The circles represent the data of Wilcoxon
and Kaler [18]. The solid line represents the best fit from Figure 6-10 considering
Ceff as a free parameter. The dashed lines indicate the contributions to the to-
tal osmotic incompressibility arising from the three terms of the model Gibbs free
energy: Gf, Gm and Gint.
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6.3.2 The Minimum in the Observed Diffusivity
Having examined the osmotic compressibility predicted by the model Gibbs free
energy presented in Chapter 5 and finding it consistent with the measurements of
Wilcoxon and Kaler [18] for the pure C12E6 and water system, we turn now to the
question of the minimum in the measured diffusivity as a function of solution con-
centration observed in this work for the mixed C12E6, C12E8 and water system. Let
us first recall the analysis of our dynamic light scattering data in Section 6.1 and
consider the analysis we performed from another perspective. Our two-dimensional
ladder model allows us to predict the micellar distribution as a function of solution
concentration (and relative composition). Using the hydrodynamic model presented
in Section 6.1 we can compute from this distribution, the average hydrodynamic ra-
dius. We then computed the average diffusivity D from this average radius using
the Stokes-Einstein relation, which is, of course, only valid in the limit of no inter-
actions between micelles. The value of D thus obtained was then compared to the
experimentally determined value.
When interparticle interactions become important, we can no longer use the
Stokes-Einstein relation to relate the particle hydrodynamic radius to the diffusion
coefficient. Instead, what is commonly used is a "generalized Stokes-Einstein" rela-
tion for the collective diffusion coefficient [65]
D = \aC T (6.36)
where the magnitude of D is determined by the competition between the osmotic in-
compressibility (acting as a thermodynamic driving force) and a friction factor C. In
the limit of no interactions for a monodisperse system, the osmotic incompressibil-
ity, d0r/Oc reduces to kBT/M, and the friction factor becomes the usual expression
for Stokes' friction: = 67rRH/M with qr as the solvent viscosity and M as the
particle mass. Thus, in the limit of no interactions, we recover the Stokes-Einstein
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relation
D= 6kBT (6.37)67ryRH
We shall calculate the average diffusivity including particle interactions in the
same way as was done in Section 6.1 by computing the proper weighted sum over the
micellar distribution. If the interactions are not too strong, then we may substitute
Equation 6.36 into Equation 6.6 for our calculation of the average diffusivity, giving
- z00 1 p r±
D00 = E: 2X i , (6.38)
En=Z o n P
where Equation 6.13, for An was also used. In Equation 6.38, we will take
(n = 6rrRH(n)/M n with Mn as the mass of an n-mer at the optimal composi-
tion and where, since our measurements are at relatively low total concentrations
it is reasonable to take the microscopic viscosity q to be the same as the solvent
viscosity. We will also need 97r/Ocn in order to use Equation 6.38, which can be
computed from Equation 5.29 for 0r/6Xn by changing concentration variables:
-,97= aaX aan. I(6.39)
We note that the concentration of n-mers in mass per unit volume can be written
c = -X n 1+(yfj - 1)X (6.40)
so that
cn _ Mn (1+(eff - 1)(X-nXn)) (6.41)
aXn Qw V (1 + (eff - 1)X) 2
Putting all of this together in the limit of low concentration, we obtain
D E6o n l,RH(n) 1 + nX - eff)] (6.42)
) 6= (6.42)
rno n2X'nP,
Figure 6-12 shows the prediction of Equation 6.42 at T = 45°C and a, = 0.848
treating Ceff as an adjustable parameter and using the micellar distribution calcu-
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Figure 6-12: The mean diffusivity is plotted as a function of total surfactant con-
centration for the as = 0.848 mixture of C12E6 and C12 E8 at T = 450 C. The solid
line represents the prediction of Equation 6.42 treating Ceff as an adjustable pa-
rameter and using the generalized ladder model parameters for T = 450 C extracted
in Section 6.1.
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lated from the extended ladder model parameters extracted in Section 6.1 for 450C.
Although there is a systematic deviation from the observed data points at higher
concentrations, the agreement is quite good, and the trends are qualitatively correct.
In essence, our explanation for the observed minimum in D with concentration is
then the same as the explanation of the maximum in the osmotic compressibility
with concentration. That is, interactions affect the osmotic incompressibility which
enters into the determination of D as a thermodynamic driving force for fluctua-
tions. In the model Gibbs free energy, these interactions are modeled by a particular
choice of the entropy of mixing in G,, resulting in a repulsive interaction, and the
mean-field model of the attraction between micelles contained in Gint. The correc-
tion that these effects apply to D is relatively minor since the two effects operate
in opposite directions and tend to cancel. The value of Cef f/kB = 12K obtained
in Figure 6-12 is reasonable since it is of the same order as the value of Cef f/kB
we found (in Figure 6-10) from the measurements of the osmotic compressibility for
pure C12E6 made by Wilcoxon and Kaler. We stress that since the value of C,ff
from Figure 6-12 is for an a = 0.848 mixture of C12E6 and C12E8, while the value
of C,ff from Figure 6-10 is for pure C12E6, and so we do not necessarily expect to
obtain the two values to be the same. In principle, as the concentration increases, we
must also take into account the increase in microscopic viscosity which acts to slow
fluctuations and will cause a further decrease in D. This could explain the small
but systematic overestimation of D at the higher concentrations in Figure 6-12.
6.3.3 Summary
In this section, we have used the Gibbs free energy model presented in Chapter 5
to show that the minimum we observed in the measured diffusivity with increasing
concentration in the mixed C12E6, C12E8 and water system is due to the effects
of intermicellar interactions. We emphasize once again the physical explanation of
this minimum in terms of the Gibbs free energy model we have used. We begin by
discussing the bulk osmotic incompressibility.
By including the effects of intermicellar interactions into the model Gibbs free
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energy for the micellar solution, we predict a minimum in the bulk osmotic incom-
pressibility of the solution as a function of concentration. This minimum can be
physically understood by examining the contributions to the total osmotic incom-
pressibility from the three terms of the Gibbs free energy model as shown in Figure
6-11. At low concentrations, the osmotic incompressibility is dominated by the ef-
fects of Gf, the formation free energy. That is, the initial behavior of 97r/Oc is
determined by the effects of micellar growth. As we mentioned in Chapter 3, Debye
[53] showed that for a dilute solution of particles suspended in a solvent, the osmotic
incompressibility is inversely proportional to the weight-averaged molecular weight
(i. e. E n2 Xn/ E nXn) of the particles. Since the weight-averaged molecular weight
of the micelles is expected to increase like the square root of the concentration,
we expect this contribution to the osmotic incompressibility to initially decrease
rapidly towards zero as is shown in Figure 6-11. As concentration is increased fur-
ther, the contributions to the total osmotic incompressibility from the free energy
of mixing, Gm, and the interaction free energy, Gint, become important. The free
energy of mixing, Gm acts to oppose the increase in concentration of the micelles
because of the reduction of entropy corresponding to this concentration increase. As
shown in Figure 6-11 (the dash-dot line), the entropic effect of Gm causes the os-
motic incompressibility to increase with concentration. The interaction free energy,
Gint, represents an attractive interaction between micelles and therefore favors the
increase of micelle concentration. We know that the interaction should be attrac-
tive because we know that the micellar system can phase separate. The energetic
effect of Git causes the osmotic incompressibility to decrease with increasing con-
centration. We see that the eventual rise of 9r/ac occurs because the effect of the
entropic mixing term outweigh the effects of the attractive interaction energy term,
Gint. Thus, our model is capable of explaining the maximum in the osmotic com-
pressibility observed by Wilcoxon and Kaler [18] in pure C12E6 and water solutions
with increasing concentration.
We can also use the Gibbs free energy model to calculate the partial osmotic
compressibility arising from each distinct micellar species in the solution. Since a
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generalized Stokes-Einstein relation relates the diffusion coefficient for each species of
particle to its partial osmotic incompressibility and a friction factor, we can calculate
the mean effective diffusion coefficient associated with the entire micellar distribu-
tion as a function of concentration. We find a minimum in the observed average
diffusivity of the solution as a function of concentration in quantitative agreement
with the experimental data. In this way, we showed that the initial decrease of
the mean diffusivity with increasing concentration is due to the effects of micellar
growth, just as was observed previously in the case of the osmotic incompressibility.
The subsequent increase of the mean diffusivity at higher concentrations (above the
critical concentration for liquid-liquid phase separation) results from the dominance
of the entropic factor Gm as compared to the energetic factor, Git, just as was
discussed in the case of the total osmotic incompressibility.
An alternative possibility to explain the minimum in the diffusivity as a function
of concentration is suggested by the treatment of semidilute surfactant systems pro-
posed by Carale and Blankschtein [35]. As concentration is increased, the micelles in
solution grow longer, and average diffusivity decreases. Simultaneously, the micelles
fill up a greater portion of the available solution volume until, at some crossover con-
centration, X*, the micelles begin to overlap. Above this crossover concentration,
Carale and Blankschtein describe the solution as existing in a semidilute regime in
which the micelles form a transient network of overlapping micelles. It is stated
that, in this regime, the important length scale is an "average network size" that
should be independent of the average micellar molecular weight. Kole, et. al. [27]
argue that the diffusion coefficient should increase with concentration in this regime
because of the decrease of the characteristic size of the cells of the network with
increasing concentration. They argue further that the minimum in the diffusivity
should occur in the vicinity of the crossover concentration, X*, as defined by Car-
ale and Blankschtein [35]. However, analysis of the diffusivity using this picture is
currently only qualitative. Further work is needed if a quantitative analysis of the
minimum in the diffusivity is to be possible using the entanglement picture.
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Chapter 7
Conclusions
We have examined the micellization of aqueous solutions of mixed surfactant sys-
tems both experimentally and theoretically. Using the techniques of static and
quasielastic light scattering we examined in detail the mixed system composed of
water, C12E6 and C12E8 in Chapter 3. Quasielastic light scattering was used to char-
acterize the average micellar size as a function of concentration, temperature and
relative composition in the region well above the critical micellar concentration. It
was found that as temperature, total concentration, or relative proportion of C12E6
was increased, that the micelles tended to grow.
For very dilute concentrations of pure C12E6 and C12Es, the intensity of light
scattered from the micelles was used to estimate the critical micellar concentration.
The critical micellar concentration for C12E6 solutions was found to decrease weakly
with increasing temperature in the range 25°C < T < 50°C in agreement with a
compilation of critical micellar concentration values for C1 2E6 taken from various
sources by Mukerjee [57]. The critical micellar concentration of C12E8 solutions was
found to be independent of temperature (to within the measurement accuracy) over
the same range of temperature.
A combination of quasielastic and total intensity measurements were also per-
formed on solutions containing a selected relative composition of the two surfactants.
These data are consistent with a rigid prolate ellipsoid model for the micellar shape.
Therefore, it was not necessary to consider the effect of micelle flexibility in the char-
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acterization of the diffusion coefficient of each micelle, and a linear growth model of
rigid micelles was adopted.
In Chapter 4, we examined the linear growth of mixed surfactant systems the-
oretically, in terms of a generalization of the ladder model [10] to the case of two
surfactant species and water. Using this "two-dimensional" ladder model, we showed
that the micellar size and composition distribution was highly peaked about some
optimal composition, and for the case of similar surfactants, the problem could be
reduced to an effective single-component ladder model problem with an effective
gap and ladder spacing dependent on the optimal micellar composition. Thus, we
were also able to show that in the limit of strong micellar growth that the weight
averaged aggregation number for a two surfactant and water mixture should scale
like X0° 5 as in the single-component case, not like X0 4 as claimed by others [34].
In Chapter 6, the two-dimensional ladder model was successfully used to describe
all of our experimental data in the regions below the critical concentration for liquid-
liquid phase separation, where we argued that intermicellar interactions should be
small. As a result, we obtained the temperature dependence of the four parameters
AlA, APB, ApcA and ApB°s (or equivalently AP0A, ApouB, AOA and AluB). We
found that A/PA and A/uB varied roughly linearly with temperature, while A/PCA
and A/IB were found to be independent of temperature to within the measurement
accuracy.
The molecular model of Puvvada and Blankschtein [16, 17] was used to compute
the magnitudes of the physically meaningful parameters of the generalized ladder
model, A/IA, APB, A°OA and A/P0B for the C1 2E6, C12E8 and water system. Excel-
lent agreement with the values extracted from our experimental data was obtained
by allowing a slight modification to the cross-sectional areas per head group for the
two surfactants. Thus we showed that the computational approach of Puvvada and
Blankschtein is capable of describing the observed micellar size and composition
distribution and that the approach can be used to provide a physical understanding
of the various factors that are important in the process of micellization and micellar
growth. Furthermore, we have demonstrated the utility of the two-dimensional lad-
198
der model in extracting useful thermodynamic information about our experimental
system.
Also in Chapter 6, we used the two-dimensional ladder model and the generalized
Blankschtein, Thurston and Benedek Gibbs free energy model [16] to examine the
effects of intermicellar interactions. We found that the Gibbs free energy model
was capable of explaining the maximum in the osmotic compressibility isotherms
observed in pure C12E6 solutions by Wilcoxon and Kaler [18]. Furthermore, by
simple considerations about the dynamics of the system, using the same Gibbs free
energy we were also able to explain the minimum in the mean diffusivity isotherms
observed in Chapter 3 for the mixed C12E6, C12E8 and water system. Physically,
we understand the presence of this minimum as follows. The initial decrease of
the mean diffusivity as concentration is increased is due to the effects of micellar
growth. The subsequent increase of the mean diffusivity with concentration at
higher concentrations is caused by the fact that the entropic term (which acts to
increase the diffusivity) arising in the Gibbs free energy model from Gm dominates
the attractive interactions included in Gint (which act to decrease the diffusivity).
The treatment of intermicellar interactions we have used is therefore successful in
explaining the concentration dependence of the average diffusivity, D, of our data
over the entire range of our measurements.
Our Gibbs free energy model, which includes the two-dimensional ladder model,
a physically reasonable model for the entropy of mixing of the solution and a mean-
field model for the interactions between micelles, has proven to be a very powerful
tool for the analysis of the equilibrium and transport properties of our mixed micellar
solution over a broad range of concentration. The model permits us to describe
accurately micellar growth and the dependence of the mean diffusion coefficient on
concentration both in the vicinity of the critical concentration for phase separation
and in the dilute regime. In addition, this model Gibbs free energy predicts the
phase separation of the mixed system [16, 17] and the equation of state, including
the osmotic compressibility.
Our calculation of the diffusivity in the vicinity of the critical concentration for
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phase separation assumes an effective viscosity equal to that of water and neglects
the effects of hydrodynamic interactions. Our ability to explain the concentration
dependence of the average diffusivity of the mixed micellar system over the entire
range of our measurements indicates that hydrodynamic interactions and micro-
scopic viscosity effects appear to be less important than the interactions that we
have included in our treatment. Theoretically, however, one might be interested
in improving our treatment by including such effects. In order to do so, however,
the theoretical understanding of the dynamics of interacting colloidal suspensions
needs to be improved. Current treatments [66, 67] are still limited to the exploration
of the dynamics of interacting, monodisperse, spherical systems. To be applicable
to our data, these theories need extension to the case of polydisperse solutions of
nonspherical particles.
The great success of our approach in describing the properties of the C12E6,
C1 2E8 and water system suggests that this approach might be applied to other pairs
of interacting amphiphiles. As we saw in Chapter 3, C12E 6 and C12E8 are surfactants
which are structurally very similar and that share many similar properties. In
Chapter 4, we used this similarity to justify the linear interpolation of gap and rung
spacings with micelle composition between the gap and rung spacings for the two
pure surfactants. It is expected that this linear interpolation will break down if the
two surfactants become sufficiently different. By carrying out experiments on mixed
systems containing amphiphiles with significantly different properties, it should be
possible to investigate the different ways in which this interpolation scheme should
be modified. An example of such a system would be a mixture containing both
cationic and anionic surfactants. In addition, it would be interesting to examine
the properties of a mixed system in which one pure component was known to form
rodlike micelles while the other pure component was known to form disclike micelles.
We hope that the work contained in this thesis will encourage others to explore these
and other fascinating avenues of research.
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Appendix A
The Thermodynamic
Susceptibility x
Here we discuss the thermodynamic susceptibility X introduced in Chapter 2 and
discuss the derivation of Equation 2.45 that relates X formally to the osmotic com-
pressibility. We recall first that our solution is to be considered in equilibrium at
constant temperature and pressure with its surroundings. We will consider as our
system, a small fixed volume of the solution, but containing enough particles to
be considered thermodynamically. We will also limit ourselves to a solution that
contains only water molecules and one kind of solute molecules, since our results are
easily generalizable. Under these conditions, the Gibbs free energy of our system
can be written
dG = uwdNw + itsdNs (A.1)
where /iw is the chemical potential of water, s is the chemical potential of the
solute molecules, Nw is the number of water molecules in the system, and Ns is the
number of solute molecules. With time, the number of water molecules and solute
molecules in our small fixed volume will fluctuate, but since we are at fixed pressure
and temperature, these fluctuations will not be independent. The condition of fixed
volume implies that
dV = fQwdNw + QsdNs = 0 (A.2)
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where V is the small volume we are considering, and Qw and Qs are the molecular
volumes of water and solute respectively. Thus, we assume that we are dealing with
an incompressible fluid. We may use Equation A.2 to eliminate dNw from Equation
A.1, giving
dG= (ys - w)dNs. (A.3)
Thus we have,
OaG Qs (PW _ QS Hw) V (A.4)
where we have chosen concentration units of mass per unit volume, ms is the mass
of a solute particle, and therefore
dc = sdNs. (A.5)
V
We now recall that the thermodynamic susceptibility, X, was defined as the sec-
ond derivative of the Gibbs free energy with respect to the solute concentration in
Equation 2.41. Therefore, we have that
X= = dc -Qw aOc ms (A.6)
Next, we make use of the Gibbs-Duhem relation to eliminate the solute chemical
potential. We recall that at constant pressure and temperature, the Gibbs-Duhem
relation states that
Nwd,uw + Nsduys = 0, (A.7)
and therefore, from Equation A.6, we obtain
X =-( T+ Q S) V aPW (A.8)Ns QW ms &c
The osmotic pressure is related to the chemical potential of water through the
relation [12]
QW7r = Itw - w (A.9)
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where r is the osmotic pressure, and pw is the standard state chemical potential of
water, which is a function of pressure and temperature, but not a function of solute
concentration. Differentiating with respect to solute concentration, we obtain the
useful relation
07' 1_ lw
r 9 a/Iw (A.10)ac = w 
Using Equation A.10 in our latest expression for X, Equation A.8, and rearranging
slightly, we obtain
x = vw + NsQs 97r (A.11)
Note that by definition
V = NwQw + NsRs, (A.12)
so that the term in parenthesis is simply one over the solute concentration. Thus,
we have that
X = V (A.13)
which is exactly Equation 2.45. Note also that in terms of a light scattering experi-
ment, the small fixed volume V can be considered as the fixed, illuminated scattering
volume from which light is collected.
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Appendix B
Full Treatment of the Extended
Ladder Model
In Section 4.2.5, we applied a total random mixing approximation to the micellar
size and composition distribution derived in Section 4.2.4. This total random mixing
approximation is appropriate, as we will show, for the case that (AyA - AOC) -
(Ay/° - AyB) < kBT, and was used in Chapter 4 primarily for simplicity. It
is possible to proceed with the analysis of the generalized ladder model without
making this approximation.
B.1 The Micellar Distribution
We begin by repeating the primary result up through Section 4.2.4. That is, the
distribution of micellar sizes and compositions can be written (Equations 4.103-
4.106):
Xnc.o0 = C(n, ao, no ao) (XlAntXlBn(l-)) e- (A(ao)+(n-n )6(a))/kBT (B.1)
with
A(o) = no (aopoA + (1 - a)a\B), (B.2)
6(a) = aAy0aA + (1 - a)ACoB. (B.3)C  CB~~~~~~~(B3
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and
C(n, an, 'o ° (noao)!(no(1 - ao))! (na - noao)!(n(1 - a) - no( - ao))!'
(B.4)
Once again, as in Section 4.2.5, it will be convenient to express everything in terms
of total concentration and relative composition variables. We therefore define, as
we did before, the total mole fraction of free monomers in solution at equilibrium
X1 = X1A + X1B (B.5)
and the relative composition of free monomers in solution at equilibrium
X1A
a, = X1A (B.6)
X1A + X1B
Using these definitions in Equation B.1 and using Stirling's formula to expand the
factorials in C(n, a, no, ao), we can see will result in a rather ungainly expression.
However, examining the form of Equations B.1-B.4, we can see that the form of
our answer can be expressed as two factors, one factor containing co0 and quantities
proportional to no, and the other factor containing a and quantities proportional to
n- no. That is
XOeo = P(ao)Q(a) (B.7)
with
X=1nO -{A(o)+nokBT(o In +(1-aoo)ln1) s (B.8)P(ao)= (B8)
027rnoao(l - o)
and
Q(al) -= 2~xlnn e (n-no) {6(c)+kBT(°tln ' +(l-a)In ) }kBT (9)( ) - e
Noting that the argument of the exponent in Equation B.8 is proportional to no
(A(co) is proportional to no) and that the argument of the exponent in Equation
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B.9 is proportional to n - no, it will be convenient to define the quantities
Aito Atto c 1 - aoA(ao) = ao A + (1 - ao) + aoln +(1aI n (B. 1 O)
kBT kBT a1 -a 1
and
=A AB a - + (B.11)B(a) = (1-a) + ln- + (1- a)n . )
kBT kBT al 1 -a 1
Thus, we can write
Xlno Xln-no
Xnaao --- e-[noA(o)+( n- no) B( a)] (B.12)
27rnoao(1 - ao) 2ir(n - no)a(1- a)
Following the conventions in Chapter 4, we define the parameter K as follows
K(a, o) = en[A(aO)-B(a). (B.13)
In the limit that ao = a, Equation B.13 clearly reduces to Equation 4.115. Thus,
the micellar distribution can be written in the simple form
X°no X1 n- no 1 -B()X o -B(0) (B.14)
20rnoao(l - ao) /2(n - no)a(1 - a) K(a, ao)
B.2 The Optimal Compositions
Recalling the discussion in Section 4.2.5, we note that if A(cao) and B(a) each have a
minimum, then Equations B.8 and B.9 will be sharply peaked around some optimal
compositions a and a*, meaning that the micellar distribution is also a peaked
function. Furthermore, these optimal compositions will be related to one another
through the quantity al. The functional form of A(ao) and B(a) here are identical
to the form of B(cx) from Section 4.2.5. Thus, finding the minimum in A and B
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yields
In - In 1 0 A(a) (B.15)
1 -al i 1 - a = kBT ato no
(Y1* 10In 1 -al In = kT (a) (B.16)1 - a 1 - a* kBT a
or
* a, (B.17)
a + (1 - al)e(As A - Ss )/kBr (B.7)
al + (1 - al)e(AIcA-A B)/k (B.BT18)
Since the micellar ends contain no monomers and the cylindrical body contains
n - no monomers, the overall optimal composition of a micelle of total aggregation
number n is therefore
amic(n) = a* + ( - a*) no (B.19)
n
If we wish, we can compute a in terms of ao by eliminating al in the above
equations. We find that
-- = a° e [ (AISA- sfO/B)-(A'cA-1cB)] kBT (B.20)
1a* 1-- a
If the quantity (A\SA - t8sB - (\)-(AA - AlCB) << kBT, then Equation B.20
implies that the optimal composition in the micellar ends is the same as the optimal
composition in the cylindrical body. That is, the total random mixing approximation
made in Section 4.2.5 is appropriate.
Since the micellar distribution is peaked, sums over the micellar distribution
should be treated in the same manner as in Section 4.2.6, except that here we
must integrate over the relative composition of the micellar ends and the relative
composition of the cylindrical body separately. Since the micellar distribution can be
factored according to Equation B.7, the integrations act separately on the quantities
P(ao) and Q(a). The form of each of these terms is identical to the integrations
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done in Section 4.2.6 with n replaced by no in P(ao) and n - no in Q(a). We will
therefore not repeat them here. The final result is
00
E] f(n, a, ao)Xnaa, = f(n, a*, a*) (B.21)
naof 0 n=n o
with the renormalized micellar distribution now given by
xlnn * eo) (B.22)
We now address the problem of solving for the quantities X1 and al in terms
of the total mole fraction of surfactant added to the solution, X, and the relative
composition of this surfactant, a,. As in Chapter 4, this relationship is made through
the two expressions conserving the number of surfactant monomers of each kind, or
equivalently, the total number of surfactant monomers and the number of surfactant
monomers of one kind (say type A). We have (having performed the integrations
over composition)
00
X = X1 + E nXn (B.23)
n=n o
and
00oo
a. = iXi + Z (noa + (n - no)*)Xn. (B.24)
n=no
Defining A as we did in Section 4.2.6,
A = X1 e- B ( *) (B.25)
we can perform the summations over n in Equations B.23 and B.24, giving
X =X+ 1 )An{no 1 (1+ A)2 (B.26)(a*, a) ( -A )2
and
a,X = alX, Kc A° { no + (1_A)2} (B.27)
Equation B.26 is identical with , a) nd
Equation B.26 is identical with Equation 4.146 from our simplified treatment, and
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Equation 4.44 for the single- component case. In the limit mentioned above where
a* = o*, Equation B.27 reduces exactly to Equation 4.147. In principle, the problem
is solved, since we can numerically solve Equations B.26 and B.27 for X1 and l
given the generalized ladder model parameters (A/j°, A 0B, A/cO and ApoB) and
the total concentration, X, and relative composition, as, of surfactant added to
the solution. Using X1 and al thus determined, we know the entire distribution of
micellar sizes and compositions, X,~0. Furthermore, we can use this distribution
to calculate any experimentally observable quantity, as mentioned in Chapter 4.
We now examine, as before, the micellar distribution in the dilute regime and in
the regime of strong micellar growth. Our results will be identical to those for the
simplified treatment.
B.3 The Dilute Regime
As in Section 4.1.4 and in Section 4.2.7, we wish to show that Equations B.26
and B.27 together imply a transition in concentration during which the number of
micelles increases sharply. We note that Equation B.26 has exactly the same form
as Equation 4.146, and so the analysis presented there should also be applicable
here.
Because of the factor A appearing in Equation B.26, we see that when A is
not close to unity, the second and third terms on the right hand side of Equation
B.26 and Equation B.27 are very small. In this case, Equation B.26 tells us that
X = X1, Equation B.27 tells us that al = as, and it is clear that no micelles are
present in the solution.
As the total concentration, X, is increased, the value of X1 (and thus A) in-
creases. As A approaches unity, the value of Ano increases sharply and the second
and third terms on the right hand side of Equations B.26 and B.27 can not be
neglected. Remembering that these two terms come from the summation over the
micellar distribution, we note that together, in Equation B.26, the second and third
terms on the right hand side should be proportional to the total number of monomers
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in the solution that exist in micellar form. The critical micellar concentration, there-
fore, lies in the vicinity of the concentration region where the second and third terms
on the right hand side of Equation B.26 first become comparable to the magnitude
of X1.
If K(cr*, cy) > 1, then when X approaches eB(*), X1 becomes comparable to
eB(a*), meaning that the value of A approaches 1 and we can no longer neglect
the second and third terms on the right hand side of Equation B.26. In fact, as
we increase the concentration further, X1 can increase only very little, since its
maximum value is eB (a*), as we saw in the previous section. If the value of X1 exceeds
eB(a*), then A > 1, and the summation over the micellar distribution resulting in
Equations B.26 and B.27 do not converge. Therefore, most of the increase in X at
the stage where X is about eB("*) is reflected as an increase in the second and third
terms of Equation B.26, and so we expect the critical micellar concentration to lie
in the vicinity of X = eB( *).
On the other hand, if K(c*, ao) < 1, then the second and the third terms on
the right hand side of Equation B.26 become significant before X reaches eB ( *). In
this case, it is convenient to recall the definition of K(a, aro) (Equation B.13) and
the definition of A (Equation B.25), then we may rewrite Equation B.26
X X1 (eA A)) {(1-A) + (1- 2 (B.28)(1- A)2
We see that when X approaches the quantity eA(ao), X1 becomes comparable to
eA(0a), meaning that the second and third terms on the right hand side of Equation
B.28 begin to increase sharply and can no longer be neglected. We therefore expect
the critical micellar concentration to lie in the vicinity of X = eA ( o). Furthermore,
we note that the condition that K(a*, a*) < 1 implies that eA() < eB(&*). There-
fore, from the definition of A (Equation B.25), we see that when the second and
third terms on the right hand side of Equation B.28 become significant, that A is
not necessarily very close to unity in the sense that ATO is still small compared to
unity. We will see in the next section that this implies that for K(a*, ca) < 1 we
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cannot physically realize the limit of strong micellar growth.
B.4 The Limit of Strong Micellar Growth
As in the single component case, by strong micellar growth, it is meant that there
are significant numbers of micelles with n > no, or equivalently, the levels in the
micellar distribution X, in Equation B.22 for n > no must be significantly occupied.
This implies that A is close to unity. Let us then define
A = 1-- (B.29)
no
where < 1. For almost all practical cases, the limit of strong micellar growth will
also correspond to the limit X > eB(a*), that is, the total concentration is far above
the critical micellar concentration. We will first examine the limit of strong micellar
growth when the total concentration is far above the critical micellar concentration.
We shall then consider the conditions for which strong micellar growth can occur
even close to the critical micellar concentration.
For total concentrations far above the critical micellar concentration, B.26 gives,
to leading order in 
1 no 2
X = eB(*) + K(, a*) e2 ' (B.30)
In the above equation, we could replace X1 with eB(*) since X eB(* ) and the
correction introduced by considering X1 as different from eB(a*) is of the next order
in . Equation B.30 implies that
K(a*, a)[X- eB(a')] > n02. (B.31)
With Equation B.30 as an estimate of /no, Equation B.29 becomes
1
{K(a*, a;)[ X-eB(*)])1/2 (B.32)
and using Equation B.32 in Equation B.22 (also recalling the definition of A), the
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micellar distribution can be rewritten
n )-'n/{K(c*g)[X-eB(a*)]}l/ (B.33)
X. - K (a* , a e' (B.33)
Thus, we see that in the limit of strong micellar growth, the micellar distribution is
an exponential, whose width increases as {K(o*, a*)[X - eB(a*)]11/2.
As we mentioned in the previous section, in order to physically realize the limit of
strong micellar growth as presented above, we must have that K(a*, ao) > 1. This
can be shown by examination of Equation B.31. We note first that by definition,
X < 1, since X = 1 corresponds to the case of pure surfactant. In addition,
the quantity eB (a*) should be small compared to unity, since in general B(a*) is
a negative number indicating the stability of cylindrical micelles relative to free
monomers. Therefore, on the left hand side of Equation B.31 K(a*, ao) multiplies a
quantity that can be at most of the order of unity, and which is in all practical cases
is small compared to unity. However, we are told by Equation B.31 that in order
to realize the limit of strong micellar growth, the quantity K(a*, a*)[X - eB( *)]
should be much greater than no0 2. We know that for a micellar system, no should be
large compared with unity. We therefore cannot realize the limit of strong micellar
growth unless K(a*, a;) > 1, since unless K(a*, a;) > 1, we have no way to satisfy
Equation B.31.
We now wish to investigate the conditions for which strong micellar growth can
occur for concentrations near to the critical micellar concentration. From Equation
B.33, we see that at a fixed total concentration that as K(a*, a*) is increased, the
micellar distribution becomes broader. Equivalently, if we consider a fixed width of
the micellar distribution, increasing K(a*, aO) will decrease the total concentration
X for which that distribution occurs. We therefore wish to estimate the magnitude
of K(a*, ao) required to have large growth at low concentration. Let us consider
the case when X = eB(O*) and A is close to 1 as in Equation B.29. As we have
previously done, we expand the first mass conservation relation (Equation B.26)
to leading order in . However, since X is no longer large compared to eB(a*), we
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cannot also replace X1 with eB(O*). Instead of Equation B.30, we have
i no2
X = X1 + K(a*,a*) e2 (B.34)
Using the definition of A and substituting X = eB(*), we get
es y*) = es oa*) (1 + K(a*, a) e2 (B.35)
which tells us that to leading order in ,
K(r*, a)eB( )= . (B.36)
Recalling that the quantity eB (@*)/ kBT is of the same order as the critical micellar
concentration, Equation B.36 implies that if K(a*, a*) > no3/XcMc, where XCMC
is the critical micellar concentration, then even near the critical micellar concen-
tration there is considerable micellar growth. If, on the other hand, it turns out
that K(a*, a*) < no3/XcMc, then near the critical micellar concentration the solu-
tion exists as a relatively monodisperse (in n) distribution of nearly minimum-sized
micelles. We now investigate which limit applies to our experimental system.
Recalling the results of Section 4.2.8, we had for pure C12E6 at 500C, that
K 5 x 101° and no 3 lXcMc - 1.4 x 1012. For pure C12E, whose cmc is of
the same order as that of C12E6, the corresponding value of K is several orders of
magnitude lower: K 6 x 105. Thus, for any mixture of C1 2E6 and C1 2E8, we can
be confident that K(a*, a) < no3/XcMc, implying that near the critical micel-
lar concentration the solution exists as a relatively monodisperse solution of nearly
minimum-sized micelles. In the regions that show appreciable micellar growth, we
can be sure that X > eB(a*). As a result of this, we can simplify the expression for
the micellar distribution even further, since we can neglect eB( ) as compared with
X in Equations B.31- B.33. For the renormalized micellar distribution, we have
- K 1I N K , ) [Ete ~Y+,cY x(B.37)r~~~n o~
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We now know the form of the micellar distribution in the limit of strong micellar
growth, but we have not said anything of the value of the optimal compositions
in the same limit. In order to do so, we must deal with the second conservation
equation (Equation B.27). When A is close to unity as described by Equation B.29,
it is the third term in Equation B.27 (and Equation B.26) that contributes the
leading order term in . Since the third term is much greater than the second in
Equation B.27, we do not make too great an error for our purposes if we replace
a*O with c*. Having done this, what follows is identical to the treatment of Section
4.2.8. We can now remove most of the dependence on A from Equation B.27 by
substituting in Equation B.26. The result is
asX alXl + a*(X - X). (B.38)
Rearranging, we write this
X 1O - s = (a* - 1 ). (B.39)
In the limit of strong micellar growth, we can replace X1 with eB(i*), giving
eB(e*)
* - s X (* - l). (B.40)
In the limit K(c*,c*) > no3/XcMc, corresponding to the case of micellar
growth at low concentration, there is no further simplification that can be made. In
this case, eB(a*) is of the same order as X, so that if, say, c* is very close to a,
then al will also be close to a*, and this corresponds to the case when ApoA - A#c0B
becomes small (see Equation B.18).
On the other hand, consider the limit K(a*, a*) < no3 /XcMc, corresponding to
the case where strong micellar growth begins at mole fractions well above eB(*). As
explained above, this limit corresponds to the experiments performed in this thesis.
In this case, it is clear that the right hand side of Equation B.40 is a small quantity.
This implies that a* should be very close to acs, which we expect physically. Since
214
X 1 < X, most of the material in the system exists as micelles. Any difference
in c* from ats must be compensated by a shift in the free monomer composition.
Since the free monomer concentration is so low, as compared to the concentration
of monomers in the micelles, the allowable change in a* from as must be very small.
We define the small parameter
7 = * - as (B.41)
and note that as a first approximation
eB(oa)
Y [aCs - l(as)] (B.42)
where, since y is small, we have replaced a* with a, in Equation 4.161 and further-
more we have indicated that Equation B.18 should be used to calculate al (as). The
important result of this discussion is that in the limit of strong micellar growth, the
optimal composition in the cylindrical part of the micelles should be very close to
a s.
In the mixed system, the weight-averaged aggregation number is defined by
00 1 00 1
nw = Z E n2Xn/ El nX.n. (B.43)
n=no ao=O n=no c=O
After performing the summations over a according to the procedure described in
Section 4.2.6, we obtain
00 00
,= Z] n2 kn/ E nX. (B.44)
n=no n=no
Since the form of Equation 4.166 is the same as that of Equation 4.56 for the
single-component case, and Xhas the same form as the single- component micellar
distribution, we expect the same results for the weight-averaged aggregation number.
That is, after inserting the renormalized micellar distribution and taking the limit
of strong micellar growth, the weight-averaged aggregation number may be written
nw no + 2fK(a ao)X. (B.45)
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Appendix C
Examination of the Free Energy
of Mixing
In Chapter 5, we made a slight modification to the Blankschtein, Thurston and
Benedek expression for the free energy of mixing, Gm, for a single component mi-
cellar solution. In the second term of Equation 5.7 we wrote
kBT E n X.n-, (C.1)
while Blankschtein, Thurston and Benedek [12] did not include the factor of e in
the logarithm. Here, Nn is the number of micelles of total size n and Xn = Nn/N
is the total mole fraction of micelles of total size n. N is the total number of water
molecules and amphiphiles in the system. We wish to explain here the reasons why
this factor of e should be included here and not absorbed into the standard part of
the chemical potential for an n-mer (which is included in Gf, see Equation 5.2).
The origin of the second term in the Blankschtein, Thurston and Benedek ex-
pression for the free energy of mixing, G,, can be understood from our general
considerations of the partition function of the single component micellar system in
Chapter 4. In Chapter 4, we showed that, from the partition function for our single
component micellar system in the dilute limit, the free energy of the system in the
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case of the ladder model could be written (see Equation 4.18)
F = Fo- kBT C N, In -(C.2)
n=no VFNn 
where FO is the free energy of water in the absence of amphiphiles, Nn is the number
of micelles containing n amphiphiles, Z is the internal partition function for a
micelle of size n, no is the number of monomers in a minimum micelle, and VF is
the Fermi volume of an amphiphile.
The chemical potential of an n-mer is found by differentiating the free energy
with respect to Nn. We find
n = o + kBTlnXn, (C.3)
where X, = Nn/N is the mole fraction of micelles of size n, and the standard part
of the chemical potential for a micelle of size n is
Po = -ksT In VZf (C.4)VF N'
in analogy with Equation 4.30 from Chapter 4. Here, N is the total number of
water molecules and amphiphiles in the system. Using Equation C.4 to eliminate
kBTln(VZn/VF) from the free energy (Equation C.2), we get
F= Fo+E (NnL °+kBTNn I ). (C.5)
We see that the factor of e comes naturally with Xn = Nn/N. In the above ex-
pression, go is defined as the change in the free energy of the system apart from
the entropy of mixing when a single micelle of size n is added to water. If we allow
the micelles to be in equilibrium with the monomers, then , = nul, and using
Equation C.3 we have
n = + kTlnXn = nl ° + nkBTlnX1, (C.6)
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giving for the micellar distribution,
Xn = Xln e- ( °- n 1°) /k BT (C.7)
Let us now compare our approach above with the approach of Blankschtein,
Thurston and Benedek [12] and Puvvada and Blankschtein [16]. The Blankschtein,
Thurston and Benedek form for the free energy of mixing yields
o00
F=Fo + E (Nn- +kBTNnn Xn) (C.8)
n=no
Thus, in Expression C.8, the factor of e under the logarithm from Equation C.5 is
already included in the definition of the standard part of the chemical potential,
Y n4. By comparing Equation C.8 for the free energy with Equation C.5 from our
treatment, we can establish the physical meaning of the quantity AO: 0 = - kBT.
That is, Yi7 is the change of the free energy of the system apart from the entropy of
mixing when a single micelle of size n is added to water less kBT. This is clear to
see from the expression for the chemical potential of an n-mer:
OaF
#- ON = In + kT + kT lnXn (C9)
(c. f. Equation C.3). If we use Equation C.9 for further analysis, then in equilibrium,
with /, = n,1 l, we get
n = # B +B TlnX + kBT = nfil + nkBTlnXl + nkBT, (C.10)
giving for the micellar distribution, the unappealing expression
Xn = en- 1Xln e-(A ° -n)/kBT (C.11)
The analog of Equation C.11 for the micellar distribution in the mixed case was
obtained by Puvvada and Blankschtein [16]. Blankschtein, Thurston and Benedek
[12], when they obtain Equation C.9, prefer to redefine the standard part of the
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chemical potential, denoting -i0 + kBT as o, without explanation. With this re-
definition, Blankschtein, Thurston and Benedek obtain the same standard part of
the chemical potential for an n-mer as we do. Thus, they obtain Equation C.7 for
the micellar distribution. To avoid these complications, we consider it reasonable to
include the factor of e in the expression for F as expressed in Equation C.5.
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Appendix D
Additional Measurements on
C1 2E8
Table D.1 lists the results of a few additional dynamic light scattering mea-
surements performed on the pure C12E8 and water system at T = 59.90 C and
T = 64.0°C using the swinging arm instrument described in Chapter 3. These
data are used to extract additional values of the generalized ladder model growth
parameter AUB/kBT in Section 6.1.2.
Table D.1: Additional Dynamic Light Scattering Measurements on C12E8
X T (C) D (cm2/s) RH (A)
2.01 x 10 - 4 59.9 8.85 x 10- 7 59.0
5.05 x 10 - 4 59.9 9.10 x 10 - 7 57.4
2.01 x 10 - 4 64.0 9.22 x 10 - 7 60.9
5.01 x 10 - 4 64.0 7.93 x 10 - 7 70.8
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